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Chapter 1

Mathematical tools

1.1 The Feynman parametrization

The Feynman parametrization is given by the following formula

where
c= Z Ci . (1.2)
i=1
The proof of this equation is done following a few steps. First of all, we demonstrate it by
induction when all the ¢; are equal to 1. The case with n = 2 is trivial: by a direct inspection

1 1
0(1l—a; —a 1
IQ = / dOél dOéQ ( ! 2)2 = / dOél 2
0 (OélAl + OéQAg) 0 (OélAl -+ (1 — 041) Az)
1
1 1 1
. — (1.3)
Al - AQ CYlAl + (1 - 051> A2 0 AlAQ

Supposing now that formula (1.1) is valid for (n — 1)

1n-1 . n—1
L = _ = (n—2)! Hdai (5(1 D i1 O‘z)

_ /“ﬁdai (n=2) (1.4)



where in the last line ,
0<> ap<1 (1.5)
k=1

we show, with some algebra, that it is true also for n

1 — > )
I, = (n—1)! L
Al / Zk 1akAk>

B 152 o n—l)
- /H Ty o (A A o

n—

0<Y a,<1. (1.7)

with

—_

In fact, integrating (1.6) in «,_; between 0 and (1 — Z?:_f 042-), we find
(n—z)!/l”‘2 1
I, = ————— doy;
(Anfl - An) 0 1;[

b o —_Q{jln) / Hdai ! (1.8)

and using (1.4)

I, — S }: '? (1.9)

(Anfl - An) Al s Aan |:An Anfl
so equation (1.6) is indeed an identity.

To complete the demonstration of eq. (1.1), we derive ¢, times both members of the first
line of (1.6) with respect to A,. On the left-hand side we have

en 1 -1 !
8 nC" A1 e An Al . An_lAnC"'i_l
while on the right-hand side, the derivation gives
80" (n+c, — lasr
doy 6 o7 — 1.11
&4 C” / H ( Z ) Zk . akAk) +cn ( )

Comparing the last two equations one can see that

cnfl

1 (n —|— cn /
= do; 61 1 =) « — . (112)
A1 .. An—lATS" 1_‘! ( Z ) Zk 1 OékAk:) ent




Repeating now the derivation with respect to a generic A, we get

- 5<1 - Xn:az')
nF (c) /0 H % da, i=1 . (1.13)

This proves eq. (1.1).

1.2 The scalar one-loop integrals

In this section we want to introduce all the principal mathematical tools useful to calculate
d-dimensional scalar one-loop Feynman integrals. These integrals are built up with the
propagators of n massive particles, with masses m;, connecting n + 1 vertexes of interaction
with other external particles, each carrying momentum p;.!

P2 P3

The integral can be written in this general form (notice that > | p; = 0 for momentum
conservation)

_ / de 1
@2m)" [(€+p1)* = mi +in] [(C+pia)® —m3 +in] . [(€+pra.n)? —m2 +in]
(1.14)

LAll momenta incoming.



where we have introduced a small imaginary part in according to the Feynman prescription
for the T—ordered propagator and we have used the shortcut p1o = p; + p2, and similar ones.

Using the Feynman parametrization (1.1) we can write

" [ A (1= )
n)/o HdaZ/ o O ) (1.15)

The sum in the denominator can then be rewritten as

Z apAp = Z o [(0+ prok)’ —mi+ i) =
k=1

k=1
= P+2. (Z Oékp1...k> + Z Qg (P%k —mj, + Z'77) =
k=1 k=1
= (P4+20-P+K*+1in. (1.16)

The integral (1.15) becomes

e d*l 1
I = F(n)/ Hdaﬂ(l—ZaZ)/ ETH PR ) (6= 0+P)

ddé 1
— [da] 11
/ o / —m?+in)" (L17)

where we used the shorthand notation

EHdai(S(l—Zai) ., m’=P’—K? (1.18)
i=1 =1

Notice that in the last line 7 is not the same one defined previously but it plays the same role
again picking the poles away from the path of the integration as the Feynman prescription
requires.

The integral over the loop momentum [ can be performed once and for all. We first
perform the integral over . In Fig. 1.1 we have promoted the real variable [, into a complex
variable and we have plotted the two poles

C—m?rin=0— 0P -m*+in=0 — lo=+V|2+m2Fin.  (1.19)

The integration over [; is along the real axis. Exploiting the fact that the Feynman integrals
are analytic functions, we interpret the integration along the real axis as part of the integra-
tion over the closed path in the figure. Using the residue theorem, we know that the integral
along that closed path is zero, since the poles of the integral are outside the integration path.
So we can write

+00 —00 +oo +o0
0:/ dgo...+/ idey ... = / dzo...:z'/ aeg . .. (1.20)
—00 “+o00 —00 —0o0



Figure 1.1: Wick rotation.

since the contribution from the circular parts of the path goes to zero as we radius goes to
infinity. We have indicated with ¢}’ the new integration variable, reminiscent of the fact that
now we are using an Euclidean notation and no longer a Minkoskian one. The integral I

then becomes
+o0 CME d(d 1 1
/ [da] / 5 — (1.21)
(= ()" = 1012 = m2 + i)

and using spherical coordinates, defining (%4 = (¢5)? + |¢|* (please notice that the integral
over the loop momentum is now perfectly defined and we could set n = 0. We keep it, since
it will be useful in the integration over the Feynman parameters «;, yet to be done)

;= EVT0) /0 ' dal, / 2 dp — (2

(2r) (% +m?> —in)"
U5
- t:—Q
_ (=DNr(m) Qg [ ol (m2—in)2™ d_y
- o) /O[d] ( n) /0 dtt27 (t+1)
1
Tt
(—1)"il (n) Q4 (! PN S R SRS
B 2 (2m)* 0 ol (m" =) /0 ! =)
_ (DN Qg (d AN s e
= oy 5(2, 2)/0 [dal, ( )
DT =T [ e
- 2 (2m) J, el (o= )



where ), is the total angle in d dimensions

d
2

ot
@

Finally, the scalar integral (1.15) takes this form

I = (-1 igr(n—‘%) /Ol[da]n (m? —in)* "

= (—1)n(4;>gr(”—g)/ ( Za Py Z+2:ozm —m) n(1.24)

1>7
where in the last line we used

n 2 n
m? = P?—-K?= (Z aiPl...i) — Z Q; (p%z - m? + Z‘77)

Q= (1.23)

Nl

=1
= Z&pl Z—I—Qchajpl 4P1..j Zazpl Z+Zalm _“7
1>]
= —Zazza]pl i +220¢10-’]p1 D1+ Zazm —“7
i=1 Ve 1>]
= — Z aioszi_i - Z Qi;P1..iP1.. 5
i>j i>j
- Z Ofiajp% - Z Q0GP 5P + Z azm - 7'7]
7> 7>t
= - Z QOG5 P1.iPj4 1. T Z QG QGP1.iPit 1.5 T Z O‘im? —
i>j J>i =1
= —Zala]pﬁ_l Z+Zam —277 (1'25)
1>

In summary

;o / e 1
@2m)* [(0+p1)? —m3 +in] [(€+ pi2)® —m3 +in] ... [(€ + pro..n)? — m2 + in]

] <_1>n(4;)'<g)r(n_g) [ e 20

where

Zaz a; S + Zal : (1.27)

1>7
and s;; is the square of the momentum flowing through the ¢-j cut of the diagram representing

I
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1.2.1 The one-point function (tadpole)

Figure 1.2: One-point function (tadpole).

The one-point function is given by

dt 1 —iT (354) ! i
2 _ _ 2 o 2 s 2
Ag(m?) = /(Qﬂ)d o (47T>% /Oda 6 (1 — a)(am? —in)

—il (54 a—2
_ Lﬁ (m? — in) 7 (1.28)
(4m)2
where m is the mass of the particle propagating in the loop. Please notice that

since if the mass is zero, there are not dimensional variables that carry the dimension of A
after the integration over the loop momentum. So the integral must be zero.

If m # 0, with the usual definition d = 4 — 2¢, we have

Aolm) :%(mzﬂn)“: (4;)2 We)(f 95 i) (130)

that shows that A, diverges as 1/e when ¢ — 0.

1.2.2 The two-point function (bubble) with m; = my =0

We now consider the integral corresponding to the two-point function with massless propa-
gators, i.e. m; = my = 0. The external momentum p must then have p? # 0 otherwise, as
for Ay with m? = 0, if also the external particles are massless, the integral vanishes. The
integral is given by

o, [ dU 1 _ ) !
Bolr’) = /(%)d 2+ [(C+p)’ +in]  (4m)? /0 ol (~anayp? —in)

_ZT(%) 1a o (1 — o) (—p? — i %_if(%) I %FQ(%)
— =Y /Od 1 ( 1 (1= aq) (=p 77)) _—(47r)% (—p* —in) T2
(1.31)

12



ao

Figure 1.3: Two-point function (bubble).

With d = 4 — 2¢ we have

i T(e)T%(1—¢)
(4m)*~¢ T(2—2¢)

(—p—in) ™ = (i) (132)

By(p?) = T (4m)2e(1—2¢)

where we have defined
F(1+6)F2(1—e)

Cr = (47)° 1.33
r=0m) =g (1.33)

Since we are interested in an expansion in € of By, we have to deal with
(—p2 — z'77) “=1—¢log (—p2 — in) +0O (62) (1.34)

If p? < 0, then the logarithm is perfectly defined and no imaginary part is needed to give
meaning to it. If instead p? > 0, then —p? — in is a complex negative number with a small
imaginary part, so that it is below the typical cut for the definition of the logarithm. In this
case, we have

(—p® — in)fe =1—clog (—p* —in) + O (¥) =1 —e[log (p°) —in] + O (€%) (1.35)

In the kinematic region p? > 0 we then have

) C
Bo(p2) = ! 2

1 o
e T2 | log(p®) 4+ im 4+ O (¢) (1.36)

This integral is divergent as 1/e in the limit € — 0.

1.2.3 The two-point function (bubble) with m; = m, my =0

Left as exercise.

1.2.4 The two-point function (bubble) with m; = ms =m

Left as exercise.
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Check that you get

By (p?, m? mZ):/ dl 1 1 (1.37)
AU ) @Cm? 2—m2 (14 p)? —m? '

in the kinematic region p? > 4m?

By (p*,m? m?) = (4;)26} (m*)™* {1 + 24 (24 —a)log = +im(zy —z_) +O<e)}

where

1 4m? :
xi:§<1:i: 1—?>:|:z77. (1.39)

1.2.5 The three-point function (triangle) with m; = my =m3 =10

We consider the simplified case where three-point function has all the propagators massless.

Triangle with one external massive leg

P1
I
q \/+q+p2
Ogs
I+q q2 p2

Figure 1.4: The three-point function (triangle). The double line denote the massive leg.

In the notation of Fig. 1.4, we have ¢*> # 0, p? = p3 = 0. We have only one independent
invariant, i.e. ¢>. Any other relativistic invariant can be written in terms of ¢>. The Feynman
diagram corresponding to Fig. 1.4 is given by

o die 1 —
Cola’) = /(27T)d (02 +in] [(€+q)* +in] [(¢+ g+ p2)* + in]

— _ir(?) /1( dofs (1.40)

(4m)2 —aiapq? —in) T

where we used p? = 0 for @ = 1,2. We can integrate over as immediately, using the §
function. This gives a3 = 1 — a; — an. Since the range of integration of as is from 0 to 1,
this means that 0 < 1 — a; — ap < 1, that implies that s < 1 — ;. Performing now the

14



integration on the Feynman parameters, we have

- F 6—d d 1—ag
Co(q2) = ! /d&l /dOZQ
—a1a g? —“7)7

—il'(1+¢) 1-a C(14e
= —(475)2 c ( q —Z /dal /dOéQ (041062) (1+¢)

_ iI'(1+e) (—> —in)~ (H—)/da (o)™ (1+¢) [oﬁ} e
(4m)* e 0 > Jo
Z(I;l(ijf) ( ¢’ Z'7])_(1+E) /161061 (al)_(HE) (I—ay) =
i (1+¢) (=% — in)"O*9 [(—eI'(1—¢)

(47)* e ['(1— 2e)

While this integral can be performed as done before, it is important to keep in mind also the
following trick to restore the integration boundaries between 0 and 1. We make the change
of variable as = (1 — ay)x

1 1-on 1 1
/ dovy al—(1+e)/ dovy a2—(1+e) _ / doy 041( +e)/ dx (1 N 041)(1 N a1>—(1+e)x—(1+e)
0 0 0

0

1 1
= / doy af(HE) (1- 041)_6/ da 2~ (1F9)
0 0

D(=e)T(1— ) [(=e)T(1)
= B(—¢,1—¢)B(—¢,1) = [(1—2) T(1—e)

(1.41)

1T2(1—¢)
il ST 1.42
2 (1 — 2¢) (142)
where we have used the definition of the B function in eq. (A.9). We finally get
Cr el
Co(?) = ———= (—¢* - 1.43
(@) =g T 3 (1.43)

where Cf is given in equation (1.33). We refer to Sec. 1.2.2 for the expansion of the previous
expression in the kinematic regions where ¢> < 0 or ¢? > 0.

Triangle with two external massive legs

Consider now the triangle with two massive external legs. In the notation of Fig. 1.5, we
have p? = 0, p? # 0 and p3 # 0. We compute this integral with the further hypothesis that
g2 > 0. The sign of ¢? is arbitrary. The integral corresponding to this Feynman graph is

o o [ dY 1 -
Cold. ) = /( ) [(6)2 +in] [(¢ +p)* + in] [(0+p+ ®)’ + in)
—ZF ! [dal,
_ 2 — . (1.44)
5 /0 ozlozgql Oé2043QQ - ”7)7
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Figure 1.5: The three-point function (triangle). The double line denote the massive leg.

Factorizing out —¢3 with the right in prescription and using d = 4 — 2¢, and defining

= ﬁ +1in (1.45)

Q2

we have

)1+6 -

C 2’ 2 —
o(aia2) (4m)*~° (=1 —m e o a3 (anr + oy

—iD(1+e€) € / /1 s 1
= dog | do
(47) 2 < (g2) 1+e 3 1 oy (r—1)+1— a3]1+e

Integrating first over a; we have

ie™T (1+¢€) 1 /ldag

2 2\ __
Colal, @) = (4m)> (¢2) e e(r—1) Jo aft

_ @™ T (1+¢)  (1—7r9) /1da 049 (1 o)
() (@) -1 S
—ie™ T (1+¢)Cr 1 (1—179

(47?)2 = (qg)1+€ (r—1)re

—il (1 +¢) 1 ! [dal,
()" J

—ell—as
0

[ag (r—1)+1— ag]

(1.46)

By making a (partial) Laurent expansion in € we have

2
a7 .
. | = +
Coldsa2) ie™T'(1+¢) Cr o (q% “7) (1.47)
b (4r)?® e (a1 —a) (a1 +in) '

1.2.6 The four-point function (box) with m; =0

Box with

Pp1+ P2 = p3 + Pa, PZZ =0, 5= (p1 +p2)2 > 0, t=(p1— P3)2 <0 (1.48)

Left as exercise.

16



A
Y
A

3 < 3
> < >

P2 Az P4
Figure 1.6: Four-point function.

1.3 The tensor one-loop integrals and the Passarino—
Veltman reduction formula

We are ready to look at more complicated numerator structures. As previously stated, in
QCD (and more in general in the Standard Model), this happens when we have one (or
more) fermion legs in the loop or in the presence of triple and quartic gluon vertexes. In the
following, we will deal only with massless propagators, to simplify the calculations and the
notation. No conceptual problems arise in case of massive propagators.

For example, a massless fermionic n-point loop function is given by

de
LAY = [ G A+ A B b+t )

1
(2 +an] [(€+p1)* + in] [(€+ 1+ p2)* +in] ... [(C+p1+ ...+ po1)® + i)

The gamma matrix structure can be extracted from this integral and we can write ,({p;})
as

dee
L({pi}) = Vin Yoa Yz -+ Vin—1 / (2m)d 0+ p)P (0 + pra) oo (0 + prop—1)lm

1
(02 +in] [(€ 4+ p1)? +in] [(€ + pr2)® +in] .. [(€+ pr.n_1)? +in)]

The Feynman integral with tensor components of the loop momentum in the numerator is
called tensor integral.

Iﬁll@mﬂk({pi}) = / (;jﬂ-fd pHLpH2 o pHE
1
[2 +in] [(€ 4+ p1)? + in] [(£ + pr2)* +in] . [(€ 4 p1.n-1)? + i)

(1.49)

The purpose of this section is to show how to compute this integral. We notice first that all
the Lorentz structure of a tensor integral has to be carried by the external momenta {p;}
or by the g"” tensor. The first step is the to write the more general linear combination of

17



tensors of order k£ constructed with the components of the n external momenta and of the
g™ tensor. The symmetry under permutation of Lorentz indices reduces the allowed tensor
structure. In fact, I#1#2-#({p;}) must be totally symmetric with respect to the k indices

(H’l? NZ; ceey /~'Lk‘)

The procedure to compute the tensor integrals has been outlined for the first time by
Passarino and Veltman (PV).

We illustrate this procedure with a few examples.

1.3.1 The tensor two-point function B* (p? # 0)

We start computing B*(p). Here the tensor decomposition is trivial because only p can bring
the index p of the integral. In order for the integral to be different from zero, we must have
p? # 0. We have to compute

wo [ dU 2 .
B"(p) = / 2n)i B+ ) = By p. (1.50)

In order to compute the coefficient By;, we contract both side of the previous equation with
pu and use

1
l-p=3l(t+p)* = =p?. (1.51)
We have
9 1 di¢ 1 1 P
pBu = 3 d ez~ 2 7 2 2
2/) (2m) |/ (¢ + p) 20+ p)
p2 2
= —?Bo(p )
from which )
Bll = ——Bg(p2) (152)

2

This very easy example illustrates the whole strategy of the PV reduction: the first thing
to do is to write down the most general linear combination of tensors using the xternal
momenta and the metric tensor. Then one has to contract with some tensor structure both
sides of this decomposition and, by making use of identities like (1.51), simplify at least one
propagator in the denominator. In this way one transforms a tensor integral into a scalar
integral or a tensor integral of type I,, to a tensor integral of type I,,_1, as we will see in the
following. By using different tensor structures to make the contraction, one obtains a set of
linear equations® to be resolved with respect to the unknown factors B;j, Cij,. ..

2The contraction with different elements of a tensor basis ensures to have a set of independent linear
equations.

18



1.3.2 The tensor two-point function B (p? # 0)

v diy ey 5 ,
B p) = / (2m)d 2((+p)? Bor p'p” + By g"
We can demonstrate that

d Bo(p2)
By = — 07
21 d—l 4 )
2 2
p? Bo(p?)
By, = — .
22 d—1 4

In fact, contracting eq. (1.53) with g,, and p,, we obtain

diy 2
’B dByy = / =
p° bop + 22 20120 1 p)?

P’ (p* Boy + By) = l/ d*t i [(0+p)? —p° — ]
Ao 2] @m)de(+p)?

B VP2311
Py

The linear system to solve is then

Boyp* + Bayd =0
2
Bo1 p® + Boy = —3311

that gives (1.54).

1.3.3 The tensor three-point function C*(py, ps)
(pi =13 =0,(p1 +p2)* =p3 #0)

The integral is defined by

div o
C'(p1,p2) = / (

=Ci1o" 4+ Chop”
2m) 2L+ p1)* (L + p1 + p2)? 1P+ C2p;

and we can easily show that

B + p2)?
Cn = — 0(;]91 p2))—co(p17p2)
P1 - P2
1
Cpp = B +p2)?) .
12 2p1 - pa 0((]91 p2))

19
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In fact we can contract eq. (1.55) with p} and with (p; 4+ p2)*. We obtain

1 [ d¥ 1
paCry = = (+py)? =12
prob2te 2 / (2m)4 L2(L + p1)?(£ + p1 + p2)? (¢4 p) )

= lBo((pl + p2)2)

2
1 [ d% (0+pi+p2)?— 02— (p1+ p2)?

prop2 (CntCr) = 5/ (2m)d (04 p1)%(L + p1 + p2)?

+ 2
= —Moo(phm)

and the solution to these two equations is (1.56).

1.3.4 The tensor three-point function C*"(py, ps)
(nt =5 =0,(p1 +p2)* =p3 #0)

dv oy

C* (p1,p2) = / T TS Cor P + Cloa phply + Cos pply! + Co g™

(1.57)

where

iy = pivh + piph .
In fact, C* is symmetric in the exchange p <> v, so that the right-hand side of eq. (1.57)
must be symmetric. We get

Bo((p1 + p2)?)
4(p1p2)

Cyqr = Co(p1,p2)+3

 Bo((pr +p2)?)

Con 4(171172)
o _d_ By((pr +p2)?)
* d—2 4(p1p2)
024 BO((pl +p2>2) (158)

2(d — 2)

Notice that, if one is interested in the behavior of this integral for large integration momenta,
i.e. in the UV limit, all the external momenta p; can be neglected and the only coefficient
that survive is Cyy.

We ca contract both sides of eq. (1.57) with pY, (p1 + p2)¥, P{(p1 + p2)” and ¢g". Then
by using the identity (for arbitrary k)
0+ k) — 02—k
2

0.k —
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and making use of the mass-shell conditions for p; and ps, we obtain respectively

B*(py +
P [(P1p2) Cos + Coa] + Ph(p1p2) G2 = M
Py [(p1p2) (Co1 + Co3) + Cou] + ph [(p1p2) (Cog + Co3) + Coy] = —(p1p2) C*(p1, p2)
By(p1 +
(ppo) [022 + C(23] +Cy = —M

2(p1p2) Cos +dCoyy = 0

With some trivial algebra, we can show that the solution of this system is given by eq. (1.58).
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Chapter 2

Gauge invariance

2.1 Classical electrodynamics

We start by considering classical electrodynamics. All the information we need to write the
equation of motion are inside the field strength tensor F),,, defined by

F.,=0,A,-0A, (2.1)
where A, is the gauge field.

There is a 1-1 correspondence between physical measurable objects and F,, (F% =
—E'F9 = —£9kB*). 'We prefer to use F),, because it make the theory manifestly Lorentz
covariant. For example, in this formulation Maxwell equations take the form

O P = —J°
P55 =0 (2.2)

We note that the field A, is not uniquely determined by these equations. In fact the physical
object (F),,) and Maxwell equations are invariant under the transformation

Ay — A=A, + 0,9 (2.3)

with ¢ an arbitrary scalar function. This transformation is called a gauge transformation.

Using classical electrodynamics as an example, we fix the gauge freedom (2.3). A good
choice is the Lorentz condition®
9,A" =0 (2.4)

!Later we will see that this is not the only possibility allowed. Anyway this gauge is very useful because
it leaves the theory explicitly covariant. For this reasons these types of gauge fixings are also called covariant
gauges.
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The physics does not change with this choice while Maxwell equations become simpler as

can be easily seen:
OuFP = 0,(0°A° — 9P A*) = 9,0°A% = —J° (2.5)

Indeed, the term 0,03A, = 030, A, is zero in this gauge frame.

Despite this choice, the gauge has not been entirely fixed. In fact we still have a residual
gauge freedom: if we consider as gauge parameter in (2.3) a function ¢ such that 9,0"¢ = 0,
we see that A, still satisfies Lorentz gauge condition (2.4), so there is again a redundancy
in the A, definition. Potentials for which 0,0"¢ = 0 are said to satisfy the Lorentz gauge.

The problem in the discussion above stays in the link between gauge symmetry and the
evaluation of the physical degrees of freedom of the field A,. We will now see this in details,
counting correctly the physical component of the gauge field. We will find that the residual
gauge freedom plays an important role in this task.

In the vacuum Jz = 0, so in the the Lorentz gauge the equation of motion for the field
A, (see (2.5)) becomes
0,0"A" =0 (2.6)

which has the solution . ‘
Ay = g, 4 e (2.7)

if and only if k*k, = k* = 0. The next step is to determine &,, which is up to now a quadri-
vector whose components are generic functions of the momentum k,. First of all one has to
impose the gauge fixing condition 9*A, = 0. In momentum space this condition constraints
€ to be Lorentz perpendicular to k:

k%o =0 (2.8)

This means that now we have not four but three independent components of ¢, to
determine. The point is now that we know from experimental evidence (or, using a theoretical
approach, from Lorentz group representation theory) that photons have only two degrees of
freedom. So we have not yet fixed the A, fields to be completely physical, but we have again
the residual gauge invariance that can help us.

If we use the residual gauge redundancy related to the gauge freedom, we can still make
the transformation A, — A, 4+ 0,¢ with 0,0"¢ = 0. For example we can choose

¢ =iae™ + hc. , k=0 (2.9)

Using this ¢ in the gauge transformation the potential A, takes the form
Ay — Al = [(e, — aky,)e™ + hc] = [€,e™ + h.c] (2.10)

where a is completely arbitrary. This last fact can be used to obtain a zero value for one

component of the ¢/, and therefore to remain with only two free components as the physics

requires. In fact, choosing one component labeled by 1, we can fix €,, = 0 putting a = 2‘—0
)
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At this point of the discussion is convenient to give an explicit example. We choose

k# = ko(l, 0, 0, 1) Ea — (80,51,52,63) (211)

This choice is consistent with the constraint £ = 0, but we still have to impose k-& = 0.

ka€a:k0€o—k§0€3202>50:63 (212)

This means that ¢ = (g¢,€1,2,20). Then we use the arbitrariness of the parameter a and
the residual gauge freedom to cancel, for example, the first and the last component of € by
virtue of the following transformation:

=y —akg=0=a= 2= (2.13)
[

In this way it is simple to understand that only two of the four component of the vector ¢,
are physical, since we obtained &, = (0,e1,£9,0). Now € and e9 are completely arbitrary
and they can’t be removed anymore because there is no more residual gauge freedom. With
this result for £, we can choose a basis made by the relevant physical components orthogonal
to k. For example we can choose (5(1))(1 = (0,1,0,0) and (5(2))a = (0,0,1,0), obtaining a
picture like

/

&

What is the physical meaning of this construction? Let’s try to see what happens if we
make a rotation. One can image that rotation of a 6 angle along the direction of the z axis
give us informations about the angular momentum along that axis. The associated matrix

is
0 0 O

cosf sinfd 0
—sinf cosf 0
0 0 1

R, = (2.14)

o O O

We observe that k does not change after a rotation of a 0 angle: R, k* = k,. The same
does not happens for ¢,, since we obtain 5; = R,p €°. If we now want to make the physical
properties of this system more evident we can change the basis. Calling €0 and () the old
basis

Q)

= (0,1,0,0) = (0,1,0,0)
= (0,0,62,0) = (0,0,1,0) (2.15)

™
S0 DR
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we define the new basis as

5= gy TiE
e = gy tigly (2.16)

This new basis is more helpful to understand the physics of this system being the basis of
eigenvectors of the rotation matrix R,s3. In fact, after the rotation we have
s;a = (0,cos6 —isinf, —sinf — icos,0) = e e (2.17)
e @ =1(0,cosf +isinh, —sinf + icosf,0) = et '
So we have a plane wave that describes A,, which under rotation transforms such that
its polarization vector g, — 5; = ¢"¢,. The h defines a new property of the field A,
called helicity. In addition, for the helicity we obtained two possible values (41): they
correspond to the two degrees of freedom of the classical electromagnetic field and in the
quantized theory they will be interpreted as the two polarization states of the carrier of the
interaction, the photon.

2.2 QED

2.2.1 Sum over polarizations

In the previous section we saw that a photon has two helicities, which means that we have
two physical polarizations. We can ask what are the consequences of this fact when we
calculate squared amplitudes in quantum electrodynamics.

We will skip all the difficulties of the “second quantization” of the fermionic field ¢ and
of the field A,: we directly suppose to know what are the Feynman rules, i.e. the way to
calculate transition amplitude in QED.

Given an amplitude M = M,e", if we want to calculate the squared modulus we have

|M> =" M, M;e'e™ (2.18)

pol

where the sum is only on physical polarizations. Now the question is: what tensor do we
have to use when we meet > €,e,7

Since we have two different polarization vectors, the piece written as Zpol ele* is a sum
over ¢f and 4. For simplicity, choosing the photon momenta k along the z direction, the
sum gives

* 1 _x1 2 2 __
E EuEy, = ELE, TELES =

pol

(2.19)

o O O O
OO = O
o= O O
o O O O
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This matrix represents the sum over the physical polarizations. A question immediately
arises: why one usually use —g"” instead of (2.19)7 In order to answer this question we will
point our attention on the different possibilities we have to fix the gauge.

Up to now we used the Lorentz gauge 9, A* = 0. In this case the propagator has a simple
form. On the other hand we are propagating non physical degrees of freedom. A different
choice is given by the axial gauge. Axial gauges are defined fixing an axis such that n,A* =0
and we will see in section 2.3.3 how to modify the Lagrangian to make this. Different choices
of n gives us different gauges (for example we have temporal gauge if Ag = 0, or radiation
gauge if V-A= 0).

For example, fixing the z axis along the propagation of the plane wave, we have k =
ko(1,0,0,1) and we can choose = (1,0,0, —1) so that n* = 0 but 7 - k # 0. The condition
N, A" = 0 then becomes 7 - € = 0, that together with d,A* =0 = k- e = 0 imply

n-e=0=¢+e=0 (2.20)
k-e=0= ¢ —€e3=0 (221)
(2.22)

so that we obtain ¢y = €3 = 0, and we propagate only the two degrees of freedom.

We want now to analyze the sum over the polarizations in the axial gauge. We start
writing the more general formula for the sum over polarizations:

o=y elet = Agh + BE'EY + Ck'y + DY + Enf'n” (2.23)

In this gauge 7, A" is fixed to be zero and since A, = £,e** + h.c., we have 7,* = 0. Also

we have again k,e" = 0 because physical photons are transverse. We have now to calculate
the coefficients A, B, C, D, E. This can be done contracting ¥>* with k,, k,, 17, and n,. We
have

kXM =0 k,XH =0 (2.24)

When we expand the first equation in (2.24) we observe that the terms which multiply

B and C are zero since k? = 0. For the second equation ibidem the same idea applies to the
terms with B and D. We have

A" + D(n-k)k" + E(n-k)n” =0
At +C(n-k)E' +E(n-k)n* =0 (2.25)

Since 7 is still arbitrary we use this freedom to fix £ = 0. This give us the relation

C=D=—— (2.26)
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Since also n*e, = 0, if we now contract ¥ with n we obtain

An’ + B(n- k)K" + C(n- k)’ + Dp’k” = 0
An* + B(n - k)K" + Cn*k* + D(n - k)" = 0 (2.27)

Thanks to (2.26) there are cancellations between A and C' in the first equation and between
A and D in the second. These cancellations lead to a new relation between the coeflicients

Dn? An?

B = — = 2.28
n-k o (n-k)? (229
The sum over the polarizations >*¥ can be written now as
Ui 1
=A\g" + —k'E — — (K"'n" + K'nt 2.29
(04 7 bk = o+ k) (229

We have now to calculate the value of the A coefficient. This is easily done by multiplying
with the metric g"” both sides of the previous relation and using g, = 4. We obtain the
equation

—2=A4+0-2)=A=-1 (2.30)

The final form for X*¥ is then
YW = —g 4 —1 (k*n" + k"n*) — —772 kHEY (2.31)
k-n k-n

and this is the most general form for ¥#” in the axial gauge?®.

We are now ready to answer the previous question, which was: why in QED the sum can
be taken to be —g" and not (2.19)7 We need to calculate the amplitude for the process
qq — vy in QED.

2.2.2 Gauge invariance in q(p)q(p’) — (k) (k")

The two lowest order graphs contributing to this process

p — >/ VVVVV L P —)—71& K,
Y p-k N ,O-k’ Y ‘/2127
[ A e VAVAVAVAVAVIY Y p—<— K',v

2With the choice k = ko(1,0,0,1) and 1 = ko(1,0,0,—1), we recover exactly the result we have written
in (2.19).
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give the structure

SH
~

M = w0 { (i) S (i) 4 (i) s (e fu )

(2.32)
and the amplitude is obtained contracting with physical polarizations:
M = M"e, (k) e, (k). (2.33)
A gauge transformation in x-space
Ay — A, + 0,0 (2.34)
become in k-space
€, — €, + const X k, (2.35)

Now, if we want to verify gauge invariance, we can contract M*” with k,, since this con-
traction corresponds to the usual 9,M* = 0 in coordinate space. In other words we are
checking if the Ward identity is satisfied.

) = it o) {5 e e o b
= it o) {+ A, Fuw

—2p- ko —2 p -k K
= —ie® o (p) {—" + 7"} u(p)
= 0 (2.36)

This comes from Noether theorem and conservation of electromagnetic currents.

In addition, notice that the index v has not been contracted with the corresponding
photon momentum. So, gauge invariance holds independently from what the other photon
does. The gauge invariance identity (we have put brackets around the “dummy” index v
since it plays no role)

ke, M) = 0 (2.37)

in a reference frame quer the z axis is align along the direction of motion of the photon
implies that

ko M) — ks MPW) = ko (MO®) — M3®)) = 0 = M°®) = M) (2:38)

This then implied that we can use —g,,s to sum over the photon polarization, only the
transverse modes give a contribution.

In this way we have shown that the amplitude is gauge invariant for every emitted
photon independently from the other ones. This result is already implicit in the conservation
law 0,J* = 0: the photon emission does not affect the charge of the fermionic current,
just because photon does not take away any charge. Thus charge conservation in QED is
equivalent to gauge invariance which is equivalent to 2 only physical degrees of freedom.
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So we have proved that in QED one can safely use
Za‘“é”* = —g" (2.39)
pol

and this choice is clearly simpler than (2.31).

Now we can move to non abelian gauge theories and try to work out all the consequences
that the requirement of gauge invariance by itself will force.

2.3 QCD

2.3.1 Gauge invariance in ¢ — gg

The question is now: what happens if a non abelian charge is supported by the vertices of
the theory?

In this case we have to image that the vertex constructed with two fermions and a
gluon, the non abelian equivalent of the photon, contains a non abelian current that flows
out carrying the non abelian charge. We have to show what happens imposing the gauge
invariance in this situation. The usual relation 9,J* = 0 and the conservation of the non
abelian charge impose that the new vertex between the gluon and the fermions is

10009000
&
Q

—igy*ty; (2.40)

’

where g is the gauge coupling, and (¢%) ;; are the generators of the non abelian group .

Gauge invariance in this situation has to be investigated analyzing the process qq — gg,
the non abelian generalization of ¢q¢ — 77. Following the previous QED calculation, the
relevant Feynman graphs for this process are

p ——>— 0000000 ka,u P wkau
O
p-k + p-K @< (2.41)
S P
S

p — QUK b,y P

In this case the amplitude is
1

P=K

My =o(p) ((—igv”tb) (—igy"t) + (—igy"t?) ﬁ (—z‘gy”t”)) ulp)  (2.42)
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The check for gauge invariance of this process is fulfilled if k,M*" = 0. However if we
contract the amplitude with k, we do not obtain zero as in (2.36):

kMG = —ig* (¢ — %) v(p') 7" u(p) (2.43)

This expression is not zero since [t t?] = if®t¢ # 0, i.e. the current does not carry an
abelian charge.

If we are asking for gauge invariance we have to conserve the current, which means that
we want kMM(‘f)’ to be zero. This means that we have to cancel the non zero term given by
the commutator of the generators. The way out of this problem can be found adding new
interactions and new diagrams. The particles involved in these new interactions can be read
from the color structure of the amplitude (2.43) we want to cancel. In particular only a cubic
interaction between gluons gives exactly the structure constants ¢ that are in (2.43).

With similar considerations on the process gg — gg we will see later in section 2.3.5 that
the theory needs also a quartic boson vertex. But for now let us focus on the amplitude

qq — 99-

2.3.2 The ggg vertex

Every new interaction term one wants to add to a theory, to be accepted must respect the
symmetries of the theory. For example, just looking at the color representation of (2.43) we
were able to understand that we were looking for a cubic gluon vertex. In the same way, the
Lorentz symmetry strongly constraints the vertex one can write.

Moreover, to build up a renormalizable field theory, there is another constraint from the
fact that all the couplings coming from gauge symmetry must be dimensionless.

Last but not least, every interaction term involving identical bosonic or fermionic particles
must be completely symmetric or anti-symmetric in the exchange of these particles in order
to respect the statistics.

In this section we will point out that the physical constraints here listed are sufficient to
completely fix the interaction vertices we are looking for.

We start with the cubic bosonic vertex: in order to have a dimensionless coupling, we
must require that the vertex has the dimension of a momentum. Since the only dimensional
physical quantities we can use to build up the vertex are the three momenta p; carried by
the bosons, the vertex must be linear in the momenta.

Consider now the Lorentz symmetry: we are writing the vertex for three vector bosons,
so it must have three Lorentz vector indexes one of which is carried by the momentum we
must use. So we can write this ansatz:

Y HIH2H3 o Z gt Ay p;% + ehanzhs Z B; p? (2.44)
i£j#k i
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Here, Ay and B; are respectively a 3 x 3 matrix and a 3—vector of coefficients, g"” is the
Minkowskian metric and e#1#2#3 is the Ricci symbol. The two addenda in the expression
above seem proportional since we have forgotten the color dependence, i.e. the structure
constants. These are instead very important when we impose on equation (2.44) the Bose
statistic: this is the last constraint we must satisfy. Since inside V' there is this structure
constant fu. which is anti-symmetric, also the right side of (2.44) must be anti-symmetric
with respect to the boson indexes ¢, 7, k. This means that the matrix A;; must be anti-
symmetric and that B; = B. This last condition, with the conservation of the momentum
incoming in the vertex, implies that the term proportional to e#1#2#3_  vanishes.

Bose statistic reduce thus (2.44) to be

Vb2 Afabc Z g#iﬂj (pz _ pj)“k (245)

i>j>k

where A is a constant that can be fixed by imposing that the new graph from this vertex for
the process ¢§ — gg cancels the problematic (for the gauge symmetry) result (2.43). This
calculation will be performed in the next paragraph and will have other problematic aspects
that will make manifest the necessity of new quanta in the theory, the so—called ghosts.

However, here we anticipate the right result that will be used in the following: A = —g,
so that the triple vertex is

Y Hik2ps — _gfabc Z gt (pi _ pj)“k (246)

i>j>k

2.3.3 More comments on gauge invariance

Now that we have constructed by hand the gluon cubic vertex, we return to the problem of
gauge invariance in the process ¢(p) q(p') — g(k) g(k’). The new graph to be added to (2.41)
coming from the triple gluonic vertex is

p 66\ k!a!u

This graph gives a contribution M (’g to the amplitude, which is

Z’dc

o (L Y B e+ ),
M = o) (i e ut) L (g, + (- R )

X gf* (g (K —p =) + g (p+ 0 + k) + g (K — k)]
(2.47)
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If we want now to test the gauge invariance of this process we have to sum M(“ll)' and M(‘;';
and contract the result with k*e’:

ke (M) = [k (MW))] + [k"e™ (ME2)] (2.48)

7y
In QED we have already showed that this contraction is zero, also if we don’t require the
second gauge bosons to be physical®. Unfortunately here things are more involved.
The first contraction in (2.48) gives
i

R (MEY) = ke u(p) ((Z’m“tb) T (ign"t*) — (ign"t*) g- : W (igVth)> w(p)

= i) (g LK peeg EoX g

=20 -k
= —ig’o(p) (tbt“;z” —_%I_j;;,i;'k + o M_Qp%kp %) u(p)
= —ig? [ta,tb} o(p )¢ u(p) (2.49)

while the second term gives

ke (Mly) = (p') (—ignt") u(de) <_g<sw Loyt <p+p'>”>

(p+p')° (p+p)
x (—gf") {g”” (=K —p=p)'+g" (p+0 + k)" +g" (K —k) }k“f’”
— c 2 =0\ 0 d iéCd o gbea ) vy % AvS
= —igo(p' ) u(p)t mg [ 997 (=K —p—1p)

+g™(p+p + k) +g" (K —k) }k“a”’
2

- _@f—p,)z [t '] 17(19’){— 2f (k-k")+%(2k+k’)-s’+(}é’—%)k.g,}u(p)
= —Q;Q_k/ [ta tb]@( ){—QJ(k KY+¢e - K§E+ K+ Kk - 5} (p) =

= —ig” [t*,t"] o(p )(2€k IZ/,% g") u(p) (2.50)

where computations are done without using €’ - &/ = 0. If we now sum the two contributions
(2.49) and (2.50) we do not obtain zero:

kre (M) = —ig? [tajb} o(p)) (;};]Z/%) u(p) (2.51)

In fact, the second term in (2.50) does cancel the contribution coming from M), but the
first term remains. We have thus verified by an example that a QCD amphtude is gauge
invariant if and only if all the other gluons are physical, i.e. if their polarizations are transverse
(¢/- k' = 0). In QED any photon is gauge invariant by itself*, as eq. (2.36) shows, while here

3In fact we did only the contraction with k*, leaving the other index free.
4This important property of Green functions is known as Ward identity.
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the situation is different. This is a crucial difference between an abelian theory (QED) and
QCD which is not abelian. Some consideration on the consequence of this fact are necessary.

First, one can ask if this result depends on the gauge fixing or it’s a consequence only
of the non-abelianity of the theory. The answer is the latter one: in any gauge frame the
contraction of an amplitude with more than one external gluon with one polarization vector
substituted by the corresponding momentum is zero only if all the other gluons are physical,

ie. if g,(f) are such that ¢® . k® = 0, for all i’s. For example in the axial gauge, where
Loy = —%(7} - A%)2, the gluon propagator is®
; o o oy
P 2@ | (_ga5+pn +n°p _)\nzpp2) (2.52)
p* e P (p-m)

Equation (2.49) remaina the same while (2.50) becomes

7 poN s 2 (o Vi % (gl'k/)_
pe ) = ig* o) | (- + ) S ) )
so the sum again is not zero and again only if we impose also the second gluon to be physical
(¢’ - k' = 0) we recover gauge invariance (and also the term that depends explicitly from the
gauge choice vanishes).

This result makes us suspicious that problems may arise also when we will need to sum
over physical polarizations. In fact, it was by virtue of gauge invariance of eq. (2.36) that in
QED we can use —g"” instead of the complicated tensor >*”.

So the second question is now: are we obliged to use the correct but complicated sum >,
over the polarizations, or may we try to use —g"” again? The answer, that we will explain in
the next section, is that we can still use —g*”, but we have to find a mechanism that cancels
out the unphysical polarizations, without relying on Ward identity. In order to do that we
will have to add some new particles, called ghosts, which will cancel the longitudinal and
the temporal components of the squared amplitude.

2.3.4 Ghosts and sum over polarizations

The derivation of the correct ghost term in the Lagrangian and of the associated Feynman
rules is clear when one uses functional formalism and path integral. In brief, in addition to
the gauge fixing term, in non—abelian Lagrangians it is needed to add a new term that looks
like the following:

Lpp = x*(—0,0"6" — g@“f“bCAZ)XC (2.54)

where F.P. stands for Faddeev-Popov. This term is necessary to integrate functionally only
over inequivalent gauge configurations.

SFor simplicity we choose 1% = 0.
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Given (2.54), new particles appear and new Feynman rules follow. We have two new
color—octets degrees of freedom, the fields y* and x*: from the Lorentz point of view these
fields are scalar but they instead are anticommuting. From this we deduce that they can
not be the quanta of real particles because they violate spin—statistic theorem. Moreover
they will appear as internal particles or will be pair—produced in final states and, being
anticommuting, loops made only of ghosts will take the usual fermionic minus sign. As (2.54)
shows, ghosts couple only to gluons giving the vertex represented in section 2.3.6, where an
outgoing (ingoing) arrow identifies a ghost (anti-ghost).

With these new rules we can come back to our previous question. In what follows
we will show that in the Lorentz gauge it is again possible to use —g*” for the sum over
physical polarizations, but only if we use ghosts: in other words, ghosts will cancel unphysical
polarizations.

Before the computations, we need to fix some notations for the amplitude M. With M,
it will be denoted the total amplitude for the process q(p)g(p") — g(k)g(k') as calculated
in the Lorentz gauge and before contracting with the external gluon polarization vectors

while M (vq,v7) will instead denote the quantity M, v{ v§ where v; and v, are generic four

vectors. Also for the following it will be useful the shortcut notation vf“ vy b= vy vl 4 v oY

and (vivy) = vq - vg.

First of all we need to calculate the squared amplitude by making use of (2.31). Being X
tensors exactly the sum over physical transverse polarizations, we will denote this squared
amplitude by |M|%. We will not use ghost particles because we are using only physical states.

| M7 = My, M, 34 (k, )" (K, 1) (2.55)

where (we suppose for simplicity that the axis n and 1’ are light-like)
1
(kn)

Expanding only one of the tensor ¥ in (2.55), the second one for example, and remembering
that X#°(k,n) corresponds exactly to the sum over the physical polarizations of the first
gluon, we have

k/{lj lo'}
= () () 55

pol pol

210 (kyn) = =g + —— ki (2.56)

The second term is zero because it contains the contraction of M, with e#k" and of M with
e*Pk'” and these terms vanish because of gauge invariance, as discussed in paragraph (2.3.3).
We stress that these terms vanish because the sum are exactly over the only physical polar-
izations, and this due to the fact we are using ¥ tensors in the computation.

With simple manipulation and using the same idea, we obtain the following chain of
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equalities:

(MB = MM, (Z) (=9")
pol
= MM, | (=9") (=) + < —gwﬂ
Ol vor L K, L
= M/pra (=g"")(=9"") + (kn) R~ (kn) (k’ﬁ’)}
[ Jeliagyo) e} o)
= MM, |(=g"")(=9") + S
wM, _( ) ) (kn) (%l: (kn) (k')
T R AU AT
= MMI/MPO' (_gup)(_g )_ (k»n) (]{;/17’):|

Expanding further only the second term in the previous equation, we have

. k{ﬂnp} k’{”nla}

WP (k) (k')
1
= MM s IR S RO K R e K

The first and the last term in this relation are zero, as can easily see from (2.51) with
the replacement ¢’ — k’. Thus at the end we are left with

2 * up\(_ VO 1 / * / / * /
M|z = MM, (—g"")(~g") ) (M (k0 )M (n, k') + M(n, k') M*(k, )
* (__aglPN (YO _; ! * l c
= MM, (=g"")(=g") T () (M (k0 )M"(n, k') + h.c.) (2.57)
Using again (2.51) with the replacement &/ — 7’ we obtain:
M) = —ig* o) (. 6) )
M) = —ig? 3 so0f) (. ) )
that substituted in (2.57) gives at the end
M = MM () (-0") 2|5 ot e
= MM, (—g"")(~¢"") — 2 (%ip’)) ferefeto(p) (k) ulp) alp) (K°) v(p')

(2.58)

Now we want to calculate the squared amplitude for the same process trying to use —g,, for
the sum over polarizations: this will obviously give the first term of (2.58). In the following
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we will calculate the squared amplitude for ghosts pair production and show that this is
exactly equal to the second term in (2.58) with a minus sign. In this way we will finally
answer the question at the end of the previous section.

The amplitude for producing a ghost of momentum k£ and an anti—ghost of momentum
k' reads

p //' kya! p /// k’ay
p+p 7 p+p  *
00000 00000\

\\‘\ + \*\ (259)

pl AN k,,b, pr N k,,b,

M(qq — xx) = @(p’)(—igtd’y‘s)U(p)M(gfd)“k”)
2(pp")
2
g cba—(. /1 c

- -7 t 2.60
2(pp,>f o(p') (Ft°)u(p) (2.60)

and easily it can be shown that the amplitude for producing x(k")x (k) is exactly the same.
If we square each of this contribution and sum them®, we are left with

2

M (g7 — xX)|* =2 (2ép,)) Ferfet [o(p") (Kt ulp)alp) (K°) v(p)] (2.61)

From eq. (2.61) we see that subtracting (2.61) from AM,,M} (—g"")(—g¢”) gives ex-
actly (2.58) and this answers the question about sum over polarizations: we learnt that
in QCD we can still use —g,,, for the sum over polarizations but we have also to add to the
result so obtained the squared amplitude for producing ghosts (eq. (2.61)) with a minus sign.

One may wonder if this spoils any of the postulate of the theory, being in presence
of a negative probability. We know that ghost fields violate spin-statistic theorem, so in
principle there is neither postulate nor physical reason that should prevent some strange
thing to happen. From this calculation we evince that ghosts are a mathematical tool that
permit us to work in covariant gauges also in QCD, reconstructing the sum over physical
polarizations.

At a deeper level, one can convince himself that ghosts are fundamental to restore the
unitarity of the theory in covariant gauge fixing frames. Having not added their contribution
with the correct minus sign, we would have obtained a probability of transition ¢g — gg
larger then the physical one (|M|%), clearly implying unitarity violation.

Finally, this computation shows that ghosts are required not only as intermediate states
to cancel non—physical states propagation in loop diagrams, but also as external particles
when one use ), ete™ = —g".

6We have two contribution because if ghosts were physical particles, a ghost and an antighost would be
distinguishable for example because they carry a colour charge. Note also that obviously the interference
between the two graph is not permitted.
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2.3.5 The gggg vertex: gg — gg

As already stated at the end of section 2.3.2, the triple gluonic vertex makes possible a new
scattering process: the elastic scattering of two gluons. At this point, the Feynman graphs
that give contributions to this process are

~ ai Ia -
pan 3, (S0 pa TOSSTITIIOIT q0p  pan IOy )q0p
2 S S pgea S P
Qv g Pae paets
@9/ p+p',e,a eee a ?@9’ @5\
by S d.do  P.by Q0000002000000 g 4o pby 00000005 Dy g6

For this new process, we can follow exactly what we did for the process q¢ — gg, checking
if the amplitude coming from these graphs respect gauge invariance. If this will not be the
case (as it will not be), in order to preserve the gauge symmetry we will be forced to admit a
new interaction vertex. The form of this vertex will be determined as in the precedent case,
using Lorentz invariance, Bose statistic and requiring that the theory stays renormalizable.

In order to check gauge invariance, we calculate the scalar product between the amplitude
M#P7 given by the graphs (2.62), and one external momentum, say p,. Moreover, in order
to simplify the calculations and to avoid all the non trivial subtleties of non abelian gauge
theories discussed in the previous section, we will fix the Lorentz gauge and require also that
the other external gluons are transverse, contracting the amplitude with their polarization
vectors (respectively, e} (p'), €2(q) and €9(¢)).

It is also convenient to distinguish three different contribution to the amplitude M***7,
coming respectively from the s, ¢ and u—channel. We start writing the contribution from the
s—channel: using the form of the triple vertex (2.46) one has

M = celgh 2p+p)" =g (p+20)" + " (0 — p)°]
x [ (2 +¢)" — g (g +2¢)" + ¢ (¢ — q)"] (2.63)
where ,
2 raeb recd —1
c= g frelfed ——— (2.64)
(p+p)
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Contracting (2.63) with the momentum p,, and with the polarization vectors one obtain

Vpo
M, = M p,eypecpcao

= o e @ - e f )+ s (b (- 0))
) (a2 20 e) — v ) (2 2+ o) (5 (- )|
Feen) | (o = 0)) @aei = (50 0 =) ) usn )
Fa) Gz (0 -0 (- 0)]}

= cf2w () e) @ren - (040 2 e

— Sk Kk k% {2(55-56)(47-5(1)—2(5b-5d)(q’-€c)+(€c'€d) <5b'(q/—Q)>}}
(2.65)

Using now the conservation of the momentum and the fact that we are working in the Lorentz
gauge, it is easy to verify that the terms not proportional to the Mandelstam variable s cancel
each other. Using also the definition of ¢ (2.64), we find the result

M= it g2 e 0 = 22 (2 + o) [moe - 0) ]} (200

With similar tricks one finds the contribution from the other channels. From the ¢—channel
we have:

M= —igt g2 e (0 e 2620 (02— Govea) [ 0+ )] | (200

while from the u—channel one gets

My = —igh 52 e i) (g +2 e (2~ (a2 [aa 0+ )] | (208)

In order to sum these three contributions, we make use of the Jacobi identity
faebfecd + fadefecb o facefedb =0 (269)

and we change the color factor of the last term of each channel in color factors of the other
two channels. Using again the conservation of the momentum and the gauge choice we did,
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we can write
M = M,+ M;+ M,
= it { ) () - G 020
5 (e 20) (p-2a) = (e ) (b 20) |
g e ca) (p-20) = (oo 2a) (020 ]} (2.70

This result means that the amplitude described by the Feynman graphs (2.62) does not
satisfy the requirement of gauge invariance. So, exactly as for the process q¢ — gg, we are
forced to introduce a new vertex. From the color structure of equation (2.70), one can argue
that the vertex needed is a contact term of four gluons. Then, renormalizability tells us that
the vertex does not contain any dimensionful quantity and Lorentz symmetry says that the
vertex must support four vectorial indexes. This means that we must consider a vertex

i#j#kAl

With A;ji; and B we denoted generic numerical coefficients. Even here, the proportionality
between the two addenda is due to the fact that we have forgotten the color structure:
this must be exactly that given in expression (2.70). So, we should reproduce three times
the structure given in (2.71), one for each couple of structure constants. We consider the
first couple £ fed and impose the Bose symmetry on the exchange of gluons indexes”: we
see immediately that we are forced to require that the coefficients A;;; and B reproduce
a structure antisymmetric in the exchange of a <> b and of ¢ <> d and symmetric in the
exchanges of pairs ab <+ cd. With similar consideration on the other two couples of structure
constants, we can write the vertex in this form:

VHkztsps Alfaebfecd (gmu:sgmm _ gu1u4guzu3)
4 A2facefedb (gmuaguslm _ gu1u4gu2u3>
+ Asfadefecb (gu1uzgu3u4 _ gu1uggu2u4) (2.72)

The constants A; are determined requiring that this new vertex gives a contribution opposite

in sign to that of the amplitude (2.70). An easy inspection shows that this requirement fixes

So, the quartic contact vertex can be written in this form:
Vmztsps {faebfecd( 143 uzm _ gmmguzus)

+ facefedb (gm;u u3pa gu1u4guzu3)

+ fadefecb (gmuz p3pa gmusguzm) } (2_73)

and the gauge invariance is restored again.

"We link color index a with Lorentz index j; and so on.
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2.3.6 QCD Feynman rules
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Chapter 3

Color algebra

3.1 SU(3) algebra

The SU(3) group is the group of 3 x 3 unitary matrices U with unit determinant
UU=UU" =1, det U = ¢™r{los U} — 1, (3.1)

One can always write A
U = et a=1,...,N*—1 (3.2)

with w, reals and matrices t* hermitian and traceless
e = (1), Te{t*} =0 (3.3)

Quark fields ¢ are in the fundamental representation (3), anti-quarks in the anti-fundamental
(3) and gluons in the adjoint (8). Matter fields transform under SU(3) according to

(@) = U)(a) 3.4
V' (x) = P(2)U ()], (3.5)
color singlets can thus be formed out of a quark-antiquark pair via
D b= > Ui Uty = > (Z U}iUik> Ui =Y i (3.6)
i i.4,k .k i k
but it’s also possible to form color singlet from three quarks (or anti quarks) using

Z Eijk¢i¢j¢k — Z Eiijz‘lUijknd)ld}md}n = Z det Uelmnwl¢m¢n (37)

i7j7k i7j7k:7l7m7n 17m7n

In this way one can accommodate all observed hadrons and mesons in color invariant states.
Furthermore, since in a system with n, quarks and n; antiquarks it’s possible to form color
singlet only if
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ng —mng mod 3 =0, (3.8)

it is easy to see that all these invariant states must have integer electric charge, provided the
usual charges assignments : %e for up type quarks and —%e for down type ones. With these
choices the QCD Lagrangian can be written as

L=Lc+Lor+Lpp+LFp (3.9)

where the pure gauge Lagrangian is

1

Lo=—Fu, P ", B, = 0,45 = 0,45 + gf " AL A, (3-10)
the gauge-fixing part is
Lop = —% (97 A2)? (3.11)
and the Faddeev-Popov one is
Lpp =0"Y"Di’x"  with D% = §%0, +ig f*AS,. (3.12)
Finally the fermion Lagrangian reads
Lr=3 & (il —m") v} with DY =590, +igt} AL (3.13)
Fflavour
where the SU(3) algebra tells us that
[t ] =i f*e (3.14)
and we chose the convention
Te{tt) = T,6%, T, — % (3.15)

One can show that in this way the structure constants f are always reals and antisymmetric.
For example taking the complex conjugate of (3.14) one has

—1 (fabc)* (tc)T _ [(tb)T , (ta)q _ [ta,tb] (316)

because of hermiticity of t’s. Thus ( f“bc)* = fa_In the same way taking the trace of

ifeeectt = 14,10 ¢ (3.17)

one gets
ifT0 = Te{[t*, "] t*} (3.18)
febe = —2aTe{[t*, "] t°}. (3.19)

that shows that f is antisymmetric.
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We generalize now to the SU(n) group: the generic hermitian n x n matrix M can be
written as
M =n“* +n° Lxn (3.20)

with n° fixed by the trace to be n® = Tr{M}/n. In the same way
Mt> = nt"t? 4 n%" (3.21)
with n® now fixed to n* = 2Tr{Mt*}. Thus
1
M = 2Te{ Mt"}* + ~Tr{M}1L, ., (3.22)
n

Taking M = [tc‘, tb} one can re-derive the formula for fa%

[t %] = 2Tx{[t*, ¢*] ¢}t (3.23)
iferete = 2Te{ [t "] t}e° (3.24)
fore = —20Te{ [t*,¢*] t°}. (3.25)

Using Jacobi identities it’s also possible to define the adjoint representation by means of
matrices T', made by structure constants

(1°), =if™ (3.26)
such that they satisfy [T, T?] = if®* T°. Defining now
T; = ToTS, (3.27)
one can show that
[T, 7% =T°T*T* — T*T*T" = — [T*, T°| T* — T* [T*, T"] (3.28)
— _ifabcTcTa . Ta?:fabcTC — _,éfabc{Tvc7 Ta} =0 (329)

T? is a Casimir of the representation and by Schur’s lemma it must be proportional to the
identity.

3.2 Color coefficients

Provided that the most important difference between QCD and QED is the non abelianity
of the former, it worths to separate the non abelian part evaluating color coefficients of
sequences of t matrices and then proceed as in usual QED computations. For example the
color coefficient for the fermion self energy correction is defined to be

500
S
- {518, = Cully (3.31)
I J k
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One can easily evaluate it taking the trace of the previous relation

Tr{t}t].} = Tr{Cplix} (3.31)
155 = Cen (3.32)
2
n?—1
Cr = o (3.33)
The gluon self energy diagram
o
bl 30000006\3 i — () ()
o ac cd
9 999§ = C, Ly (3.34)
b

allows the definition of a new constant C,, but this will be evaluate later on since it is a
little bit involved.

Let’s instead apply (3.22) to a set of generic hermitian matrices

M = 8,61 (3.35)
obtaining, after the trace
To{M} = 0,00 =) (3.36)
Te{Mt"} = &,00t8 = th . (3.37)
Thus 1
M = 558.))5;; 0yt (3.38)

Diagrammatically this is equivalent to

j—— i 1 j i j i
_ (2 + 9 >€6€6€M‘< (3 39)
I k I k I k )

n

where the n? = 9 components of the left hand side are shared between the one component
of the singlet projector Fg) and the eight ones of the octect projector Fg). Let’s show that
they are true projectors:

A | I
2 _ _ _
Poy = 5, ey o = T (3.40)
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| il |
2 _ _ ab 0G60000¢ —
P(S)—4I>@J<k—4§5l k—P(g)

2/ Dfmm< i a
P(O)P(S) = ﬁ | . ~ Tl"{t} =0

(3.41)

(3.42)

Now using these projectors it’s easy to evaluate colour factor. For example closing the quark

line i — j in (3.39) as shown below one gets

000000¢

which equals

9999ﬂ 20,

1 s %
n i k= | — I kK + 2 S e
n
so that
99900
P %, | 1
S 2
/ S C Kk = —= —_ — | kK = OF /
2 n
Furthermore, adding one extra gluon, one can recover that
o -
S g

000000¢

or, in other words,

- ()

b
S

& 2
! kK + 200000000¢

i k

(3.43)

o (3.44)

k. (3.45)

(3.46)

(3.47)

Thus, assumming that b is the color index of the emitted gluon, one gets the relation

1
tatbta - _tb

3.48
2n ( )
which corresponds to
Q}b
S &%b &%b
1 C\ /\\
200000000 “on //\ = (C’F — 7) / (3.49)



The last equality will be verified as soon as we will find the value of C,. But we’re now

ready to perform this calculation: considering the following relation

1 1
tatcifabc — (5 [ta’ tc] + §{ta’ tc}) ifabc

1
- [ta7 tc} ifabc

2
_ 1 acdyd: rabc
= —if*U%f
2
Ca
= —t
2
which has the graphical meaning
; J
O,
agymm\ b Cy G0006000 b
o -
! /
applied to the following diagram
/ 9
Q@‘O\@\
g&% 9366;? — ,L'fabcz-fcbdtd — ifabc (tctb - tbtc)

/ = [ tb} £ 1 [t 1] ¢
2 [t ']t = Out°
= 2 (¢ — ")

n?—1 1
= 2 Y e
2n ( Qn) "

One finds
CA =N

(3.50)

(3.51)

(3.52)

(3.53)

With these rules one can compute the colour factor for the generic graph. As an example
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let’s try to evaluate the color factor of the interference term

* J

9o
9
Q&&g‘yg\b 600000060 b b

o

o[
o

I
©|Q |0
\

Cqn (3.54)
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Chapter 4

QED renormalization

1. To be done even if the quantum corrections were finite!

2. the same procedure cancels all the divergences at all orders

In the first chapters we analyzed many aspects of gauge theories. Time is ready to put all
those informations together and to look at the most important consequences that a quantum
field theory has on our knowledge of physics.

In this section we start the analysis of perturbative corrections to amplitudes in the
simplest context of QED. The bare Lagrangian is

L = pigip — %LFEVF,E, — gAY — MpdEYp

The abelianity of the theory implies, as we have seen, that there is only one kind of vertex.
This point, though simplifying many calculations, does not exclude the possibility to fix the
principles governing renormalization and its main consequences.

As we have just seen in section 1, as soon as loop integrals are concerned, one has to use
a regularization technique in order to prevent the amplitude to diverge. In gauge theories,
dimensional regularization, though very mathematical, is a natural choice since it preserves
both gauge and Lorentz invariance. Other techniques are more physically based. Here we
adopt one of these, consisting in the introduction of an UV cutoff A in the loop integral.
This cutoff, in the Wilsonian way of thinking at quantum field theories, can be seen as the
last energy scale at which our theory is valid: we can look at the theory as an effective field
theory that makes sense up to A scale.

Dimensional regularization will be used in the next chapter, when we will study 1-loop
corrections to QCD amplitudes.

The basic blocks we need to renormalize the theory (at one loop), i.e. to extract finite
predictions from mathematical divergent quantities, are the computation of the fundamental
divergent Feynman diagrams: the fermion and the photon self energy and the vertex correc-
tions. Moreover, in all the computations we will assume for simplicity massless fermions.
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4.1 Fermion propagator

We consider the first order corrections to the propagator of a fermion. The Feynman integral
we have to calculate is The corresponding value!, in the Feynman gauge and neglecting the

/

fermion mass, is given by
A g4 :
a*t —i ?
M = — (—iepY”) —— (—ieBYa
_ e / Tt 1 . 1
= B (271')4 62 ’7 %‘i‘[ ’Ya

o [N 11
- 263/ o) @ J+] (4.1)

where A is the cutoff. In the last line we used the identity

Y8 %a = —278 (4.2)
The proof is a direct consequence? of the Clifford algebra {7a, v} = 29as-

We observe that M has the dimension of an energy. Having fixed the mass m of the
fermion to be 0, the only dimensionful parameter in the integral (apart the cutoff, that plays
a different role) is the momentum p,, and since M is Lorentz-invariant, we can write

M = Ay (4.3)

The parameter A comes from the result of the loop integral and, since from (4.3) it has to be
dimensionless, we expect it to diverge at most logarithmically with A. We also note that (4.1)
does not diverge in the infrared region (¢ — 0) because there is a # in the denominator. In
order to find A, we derive (4.1) and (4.3) with respect to p,. Using the relation

P ( 1 ) 1 1 (4.4)
b\ 27 ) =~ -
"\p+/ P+ P+/

'Having to calculate an amplitude, there would be the usual spinors @ (p) and u (p) at the extrema of
our expression. Actually we are not calculating an amplitude but a self-energy diagram so we do not need

to saturate polarization indexes with spinors.
2Note that (4.2) as it stands is true in four-dimension Minkowski spacetime.
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which is a consequence of s7's = 1, with s = (§ + /), we approde to the identity

A | 1
Ay, = -2 2/ -
T e BT

) /A ' (p+0"(p+0"
B 1 2
@2m)" 2 [(p+0)7]
Up to now the computation is exact. At this point we neglect all the p momentum dependence
in the integral (¢ > p) since we are now interested in the high momentum behavior of the

theory: in other words we want to extract the leading singularity of the integral in the UV
limit. After this assumptions the previous formula becomes

Yo Vu V8 (4.5)

Adde  peps
Ay, ~ —2eh /W W%ﬁ;ﬂﬁ

2 A 4
eg d*l 1
a - 4.
5 ’70/}///7 / (27T)4 (52)2 ( 6)

where the Lorentz dependence of the integrand can be extracted by replacing, under the
integral, (% with (2g®# /4. Using again (4.2) on the right hand side of (4.6) we have

, (Md 1
AgeB/WW (4.7)

Perform this integral is now an easy task: passing in Fuclidean time and remembering that
the surface of a 4-dimensional sphere of radius one is 27* (see equation (1.23)), we get:

/ gﬁ; Gl G (2‘) (43)

i()éB A2
A=——1 — 4.
Am Og<u2> (49)

We observe that A diverges logarithmically with A as expected. Moreover, we have intro-
duced an arbitrary new energy scale u. At this level the use of u is required only to maintain
the argument of the logarithm dimensionless. Strictly speaking, the integral (4.8), as it
stands, would diverge also in the IR region but, as we pointed out earlier, this expression
comes from an integral that was free of IR divergences. For this reason the scale ;2 has not
a meaning deeper than that of being a generic scale obtained from the external momentum

p.

So A becomes

We now consider the sum of the graphs relative to the fermion propagator and its first
order correction. They are given by

Y
‘ZE
Y

+ + O (aj) (4.10)
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and the related expression M is

i i

— Ap-

Py

= —(141iA)
4

%ZQ (4.11)

where the renormalization constant Zy (or the 1-loop correction to the propagator o =

Zy — 1) is defined by

M= L

&.’@\

ap A2 2
ZQ = 1—E10gE+O(QB>
ap A2 2
52 = —Elogﬁ%—(?(aﬁg) (412)

Please notice that eq. (4.11) implies that the photon remains massless.

4.2 Vertex corrections

We now consider the first order correction to the QED vertex.

(4.13)

Doing computation as before in the Feynman gauge, the graph of fig. (4.13) corresponds to
the following?:

T Aﬂ —e o L e m 7 e _igaﬁ
M= / (27r)4( BY >ﬂ/+£( BY >ﬂ+ﬂ( 57%) 72 (4.14)

g (Mde 1 1 1
—€p 47 y 2% a
@m)t" P+ p+I L
As in the fermion propagator loop, since we are interested in the UV behavior of the ampli-

tude, we can neglect p and p’ in the fermion propagators: collecting all the gamma matrices
outside the integral, we are left with

Adre ool

B o~ 53 A A yté
M" ~ —epy" YY" 70 U —(%)4—(62)3}
Aav g, 1

— 3 ANV ald

3In (4.13) the momenta p and p’ flow out of the graph.
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where the Lorentz dependence of the integral within squared brackets can be extracted
multiplying it with ¢7°. By repeated use of (4.2) we write

A 4
'’ 1
o 3
M eyy/ @i (@)

The integral is like that in the previous computation, so at the end we have
es A?
Mt = —i—B ~Floo [ ——
16n2 7 % <u2 >

The divergence is logarithmic, as power counting shows in eq. (4.14) and the meaning of 1
is the same discussed in the previous paragraph.

In order to calculate the vertex renormalization constant Z; at 1-loop, we have to sum
this graph with the tree level vertex, obtaining

e, A?
—iepy' Z; "t = (—iegy*) + (—z’ 167?27“ log (F))

from which at the end we read (Z; =1+ §)

2

-1 _ @B A 2
0 = 1+Elog (E) + O(ap)

ap A2

4.3 Photon propagator

The one loop contribution to the photon propagator in the Feynman gauge is
/

Mdit iy i
a 5 = —(—ieg)’Tr —470‘—75 (4.17)
/ | o7 e

which seems to diverge quadratically. We will show that this divergence is instead logarith-
mic. The contribution to the propagator coming out (4.17) is only transverse, due to Ward
identity, which means that if we contract this integral with k, or kg we do obtain zero. This
means that the structure of the integral can be summarized as follows

(—ieg)* T /A AU 0l p B (k*k® — k*g") (4.18)
—(—ie r - = — :

’ CORNANEY: ’
Since we want to calculate (4.17) this is equivalent to calculate B in (4.18). We also note
that since B is dimensionless it can only depend on the ratio A?/k%. We contract with g*°
and use the identity (4.2) finding

o [ L
2eBTr/ oY 3Bk (4.19)
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The term which gives the dimensionful external scale is k and it appears in both the two sides
of (4.19). If we would now to simplify the calculation of the integral we should eliminate k in
the second side leaving it only in the integral. This can be achieved acting on the equation
with the derivative 0, and O,, using (4.4) we find

) ) Mgt 1
—338;%8;%/@ = 2€BTI‘/ Wzﬁkaﬁkﬁm
Aair 1 1 1 1 1 1 1
—6Bg™® = 2¢2Tr / —( N + Ya )
B AN A EY LAY R Ly Ry

At this point we contract the equation with g,3 obtaining

i [ 205 )
. %Tr /A (3;4:34% (/“1_ %) (4.20)

We can again make the approximation ¢ > k. Recalling that f~'f~' = 1/(¢?) and after the
trace, one gets

4 , (A dv 1
B—geB/ PR (4.21)

where the integral is again the same as in the previous calculations. This one loop integral
contributes to the photon propagator when we sum it to the first piece. We have the structure

k
NNANNNNNNNNNNNNNN
h v T + ... (4.22)
which corresponds to
g g .gﬁu
_Zﬁ + (_Zﬁ) B(kak/g — k29a5) (—Z 12 > 4+ ... (423)

Having instead made the calculation in Lorentz gauge we would have used the tree level
propagator with terms containing k*k”(1 — A) and this would have given in (4.23) terms
proportional to k#k". Nevertheless, the result would be the same since these terms do not
give any contribution because of gauge invariance. In fact the sum (4.21) will be connected
to an external conserved current or to a polarization vector. In both case we will hit the
k, k, term with a current or a polarization vector and in both cases this will give a null
contribution. We thus obtain from (4.23)

—iZ_(1+iB) = —i"— Z, (4.24)




Using (4.8) and applying it to (4.21) we get (Z5 = 1+ 03)

4 72 A? 2 ag A?
Zy = 1—< Blog (| — ) =1-="log | —
’ 3 (2mt B % (/ﬂ) 3 2m Og(u2>
2@3 A2
A | - 4.2
% 3 2m Og( ) (4.25)

For the photon propagator it is important to take a look also at the result that we obtain if
we try to sum all the radiative corrections. This corresponds to sum all the graphs made by
connecting more and more 1-particle irreducible Feynman graphs. We obtain a geometric
series like

py T g1

g o
— Z(ZB) TR — (4.26)

n=0

where B is the 1-PI graph and at one loop it is exactly our old B.

Despite its obviousness, equation (4.26) shows a fundamental property of QED: the
photon remains exactly massless even after higher order quantum corrections are considered.
In fact the pole is again at k? = 0, i.e. it is not displaced by radiative corrections. This is
is an example of a fundamental property of Quantum Field Theories: an exact symmetry of
the Lagrangian (here the gauge symmetry) has deep consequences also on the way radiative
corrections manifest themselves. As we have just seen the local U(1) of QED forbids the
photon to acquire a mass after quantum corrections, forcing the propagator structure to be
transverse and lowering the degree of divergence from 2 to 0. Another well known example is
the (global) chiral symmetry of the Dirac massless Lagrangian that forces the fermion field
to stay massless even after loop corrections: from this argument follows that if the mass is
present in Lp;.q. the self energy has to bee proportional to the mass itself, forcing again the
divergences of the one loop self energy to be logarithmical and not linear, as power counting
would tell.

4.4 The Lehmann-Symanzik—Zimmermann (LSZ) for-
mula

4.5 The running of the coupling constant

We begin analyzing the physical meaning of previous calculations, by recalling the definition
of renormalization constants Z; (see (4.12), (4.16) and (4.25))

Z, = 140, (4.27)
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If we consider e~ — e~ ™ scattering and compute higher order virtual corrections to the
amplitude, at order e}, we have to sum the following graphs

p p p

+ + (4.30)

Box corrections (that are not UV divergent) and the vertex correction at the muon vertex
are not shown. This last correction will play a role when considering the renormalization
of the muon charge. We then considered only the radiative corrections on the lower half of
the diagrams (on the electron part of the amplitude) that means that in the following we
will think only to the prediction of the theory for the physical measurable electron charge
ep. From this it follows also that the second graph will contribute with a one half factor (or
square root factor). We thus have that the sum of the graphs goes like

1
~ €B (1—|—§53—51+52+5g)

~ ep 23 72 77 (4.31)

2
In addition, a factor <Z21/ 2) has been added, to comply with the LSZ formulat. In this

case, we're dealing with external fermions (electrons), so we must multiply twice by Z, 12,

We note that this gives exactly the same result that one would obtain adding only connected
dia/grams shorn of self energy corrections on external legs and multiplying this result with a
Zi1 ? factor for every external leg of type “i”, as in the standard LSZ formula. In both cases
the correct answer for the amplitude is

M~ e 23 2o 77" = ep 237 (4.32)

where we have used the fact that at the first order our calculation gives Z; = Z, °. Equation
(4.32) also suggests us that in some sense the renormalization of QED is related only to
the correction of the photon self energy (Z3): we will come back on this at the end of this
section.

From all these considerations, we are now left with something proportional to epy/Z3
and this will be our definition for the physical electron charge ep, since the cross section we
would obtain from the amplitude contains a (epy/Z3)? factor and the cross section is the
link between theory and measurable quantities. Thus we define®

eEp = Zg €B (433)

4The usual conventions are i = 2 for fermions and i = 3 for gauge bosons.

5As we shall see later on, this equality holds at all orders, by virtue of Ward identities.

6Instead of ep, usually one calls this quantity the renormalized charge er but in this part we will continue
to use ep in order to remind that this is the value that in the theory has the meaning of measurable, physical
electron charge.
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From the previous equation it is now easy to see how the physical charge varies with the
energy scale u: at the scale 2 its value is

2 o A2\ Y2 1a A?
N =epdl— 2L log (= ~epdl— =L log (= 4.34
ep(1”) 63{ 39, 08 (MQ)} 63{ 39 08 2 (4.34)

while at the scale 3
1 A?
ep(12) = ep {1 — 298 g ( ) } . (4.35)

3 27 ,u_%
The difference is thus no more dependent on the cutoff scale A
1 ag A? A? e3 2
2 2y _ _ B
ep(p’) —ep(ug) = ep 33, {log <u_3) — log <E = 94,2 log ) (4.36)

Now we are free to replace the bare charge ep with the physical (renormalized) one ep in
the right hand side of the previous equation, up to terms of higher order, finding

e3 2
ep(1’) = ep(ug) = 575 log <%) +0O (ep) - (4.37)
0

The running of the coupling constant is thus

3 2
2 2 cp H 4
e =e ——log | — O (ep) . 4.38
o) = enud) + 5510 () + 0 () (4.38)
The previous formula is very important since, given the value of the physical charge at one
fixed scale pp, one can extrapolate the new ep value at any other scale u, keeping in mind
that one have to remain in the perturbative regime.

Before going on, a remark on the way we introduced the scale yu is due: p? was a scale of
the order of the external momenta of the legs of which we calculated the radiative corrections.
In particular, looking at the graphs we added (eq. (4.30)), for the photon self energy and the
vertex corrections we can think at p? as the off-shellness of the virtual exchanged photon,
i.e. the typical scale of the process.

Keeping in mind all these observations, eq. (4.38) tells us a fundamental unexpected
thing: if we make two measurements for a process involving the electron charge at different
energies and we want to predict the correct result, we have to use different values for the
electron charge itself. In this sense we can also say that the constant ep is no longer a
constant but it runs in a way predicted by the theory. It is also clear that for the theory to
be predictive it is needed to fix the value of the constant at one scale” and then use (4.38)
to extract the corresponding value at another scale and use it in the computation.

To obtain the running of the renormalized coupling ag one can proceed in a slightly
different way: it is useful to see how it works because we will use the following argument to

"Typically in QED one fix the fine-structure constant « to be equal to the low energy measured value
~ 1/137 at the scale p? = m?

e
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obtain the running of the QCD coupling using dimensional regularization. Obviously, since
the theory is the same, the results will be equal to that expressed in (4.38).

The starting point is to consider that if we square (4.33) and then extract the value of

ap as a function of ap we obtain
ap = Z3'ag (4.39)

The left hand side of this equation can not depend on the renormalization scale® 1 because
ep was a completely free parameter in the initial Lagrangian. Furthermore, since Z3 depends
on yu, also ag has to be a function of u in order to have a meaningful equation. Taking the
full derivative of the previous equation with respect to log u? we obtain

dO{B d 2043 A2 2
0= = 1 —— 1 -
dlog u? d log p? {[ * 3or 08 <u2 R (M)

_ 2ap 5 2 ap A%\ dag (1?)
= —535.on (W) + [1+ 33, o8 (;ﬂ Jlog 12 (4.40)

Solving the previous equation and recalling the definition of the beta function

_ dag (%)

Blar(p?) = Jlog 12 (4.41)

one gets the QED beta function at the leading order

A2 -1 2 (,,2
Blan(s®)) =3 22 [1 290 1og (E)} on () = 2D Loy, (az)

4.6 Ward identities

The Ward-Takahashi identity states that there is a relation between the vertex —:I'* and
the inverse fermion propagator Sz', holding at every order in perturbation theory

—ik, I (p+ k,p) = Sp'(p+ k) = Sz' () (4.43)
In the limit of soft photon momentum k — 0, we have
—il* = (—iy")Z; ! (4.44)
while the all order propagator are
1
p—m

so we can prove Z; = Z, at all order by simply substituting into (4.43), obtaining

Sr(p) = Zy (4.45)

—ifZ N = —iZ P —m— P m] = 2= 2. (4.46)

8The only scale from which ap can depend is the scale A that in some sense was present from the
beginning, being the scale up to which the theory is valid. It was the maximum scale at which the Lagrangian
is supposed to be correct.
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4.7 QED renormalization in short

A straightforward way to understand QED renormalization (and in particular the fact that
it depends only on the renormalization constantZ3) is to consider the bare Lagrangian

L = Ypidp — }ng”Fﬁ — eppAptbs — mppYp

and look how it is changed after the following rescaling . ..
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Chapter 5

QCD renormalization

As in QED we proceed through the usual fields strength renormalization, which means
that we introduce a set of renormalization constants Z; such that bare fields are related to
renormalized ones. Before doing that we shall show how each divergent contribution obtained
using bare fields can be correctly evaluated in the context of dimensional regularization. This
regularization prescription consists in doing all the calculations after having analytically
continued the number of spacetime dimensions to a value in which integrals does converge.
In doing so, in order to maintain the coupling constants dimensionless, one is forced to
introduce a dimensionful parameter p which takes account for the extra dimensions keeping
the action dimensionless.

In a d-dimension space-time, the dimension of the Lagrangian is d. It follows from the
analysis of the kinetic terms, that the dimension of the fermionic field ¢ is (d — 1)/2, and
the dimension of the gauge field A” is (d — 2)/2. The coupling constant than has dimension
of (4 — d)/2. For this reason, in order to deal with a dimensionless coupling constant, one
explicitly add a mass parameter p every time the coupling constant appears. In d = 4 — 2,
one then replaces

g — guc. (5.1)

5.1 Gluon self-energy

There can be four possible contributions to the gluon self energy at one loop. Let’s analyze
them separately. The first one is the fermion loop contribution, which gives, after the sum
over the ny flavors that can run in the loop,

L

a k b
L1“6“6“6“6“6“6~ 6“6“6“6“6“6“6:}

I+k, j
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div ey b
= —ny (zﬁ)dTr ( g t”) / % ( g tji) v Z
di0 (0+ k)08
= =g’ ny T 6°° Tr{y"y"4"~" /
g Ny {77} TEW R
— _92M26nf 5ab [g,uaguﬁ _guugaﬁ _{_guﬁgua} [Baﬁ(k,) —}—k’aBB(k')}
_ _g ’u TLf T 5 4[ ,u,a vf3 g,ul/gaﬂ _i_gﬂﬂgl’a}

dBo(k) K By (k) By(k)

end AT Y ¥ of _ kP

{4(d—1) 1(d—1)7 2

_ 2 2e ab B[)(k) po v uv _af upb va 2 _af a1.B

= g°u*ng Ty 6 m[gg — g + g7 g"] K29 + (d — 2) k°k7]

= ¢ u*ny Ty 0°° (50_0?)2 (d—2) (K"E" — K*g™) (5.2)

If we now put d = 4 — 2¢ and expand By(k) around it’s pole at ¢ = 0 using (1.32) we find

2(2—2¢) i Cpe™
(3—2¢) (4m)*e(l—2¢

Qs 4 1 v v
zﬁé b <_§nfTFE> (K*g" — k'E) + O (€°) (5.3)

— gQMQan TF 6ab ) (kQ)_€ (kﬂk.lf - kQQMV)

Q

This is exactly the same result, except for the color factor Cy and the Kronecker’s 9, one
would have find in QED for the photon propagator, if he would have performed the calcula-
tion within dimensional regularization scheme.

The second contribution comes from a gluon loop of this kind

lep
&)99@\0
a k b
f@“@“@“ﬁ“@“ﬁ“& go“c“o“o“m\
0\6‘0'666%
k+l,d, o

_ %/(% (—guefeet[g" (k — )7 + g" (20 + k)" + g7 (=2k — €)°]) -

(=g g 20+ g (b R g <2k - 0] -

—igga/é _igpp,(;cc’
(k+0)? 2

where the meaning of primed indexes, that are not graphically represented, is trivial because
they are related to internal gluon propagator lines. The one half factor in front of the
mtegral comes instead from the symmetry factor of the Feynman graph. One has a factor
(3,) for vertices orientations, a factor 3 for possible contraction between one external leg
and the first vertex, a factor 2 for vertices interchange and a final factor 3 - 2 for internal
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vertex contractions. All this factors cancels out in the product, but there is also the %

term from the Taylor expansion of the functional integral, which remains. Using the same

argument it’s trivial to show that the symmetry factor for fermion or even ghost loops is 1.
There, indeed, there is only the % factor from Taylor expansion to be multiplied by the 2

possible vertices interchange, since fermion (ghost) or antifermion (antighost) internal legs
are distinguishable. Returning to our calculation one has

_1226 ab/ddg e (L. _ p\O po 1% o (oL _ p\P
= 9 G (27T)d[g (k=07 + g 20+ k)" + g7 (=2k — £)"]

v 14 14 1
oo (6420 + g, (=04 k), +9,” (-2 — 0),| EUTT
= gQu*ﬁé‘“’ / &t [(d— 6) kK"k” + 5k*g" + (2d — 3) k0" +
2 (27)d
1
+(2d — 3) kY 0" + (4d — 6) M0 + 29" ko0 + 2¢M 17| ————
( ) ( ) g g e T

— gm?e%é“b [Bo(k) ((d — 6) k"k” + 5k*g") + (2d — 3) k*B” (k)+

+(2d — 3) k" B* (k) + (4d — 6) B (k) + 29" ko B* (k) + 2g" Ao]
= g%eﬁaabBo@) [(d—6) K*k” + 5k*g" — (2d — 3) kK"K — k*g"+

2
4d — 6
Ly 1.2 pv
+—4(d_1)(dkk kg )}

C 7d — 6 6d — 5

— 2 2e¢ A ¢cab . W1V 2 uv
g,u—25 By(k) Q(d—l)kk +2(d—1)kg}'

_ 2 2 ab Bo(k) 1.V 2 uv
= ¢*u*C,\6 1) [(6 — Td)k"k” + (6d — 5)k*g"] . (5.4)

At this point one proceed exactly as before, substituting d = 4 — 2¢ and expanding around
the pole

C l Cr e’ - 22 — 14e
2 2e~A cab T 2\ —€ v
_ Ca iy V7Y
Ty (4@26(1—26)( ) { 52 "M
19 — 12€
k2 v
3 — 2 g
% abl B 2 ,uzz_E W1V 0
i-Ca0" — | 5K Sk +0 (") (5.5)

There’s another graph involving gluons loop but it’s contribution is zero in the massless limit
since it’s proportional to Ay and there is no scale involved (see (1.29)).

%,
-

P

a k sé' b /ddg 1—A =0 (5.6)
L\I_Q_Q.Q.Q.Q.QQQ&@@C@&Q_Q.Q.Q.Q.QQ% 2mydez — 0T ‘

61



The last, but not the least, graph to be considered is the ghost loop

a k / \ b
JG‘G‘G‘G‘G‘G‘@\ /FUGUG@GQ

/
AN 7

\\*//
I+k

ddﬁ € racd w e rbde pv
= - Wg,uf (€ + k)" gusfree

i
62 (g_’_k)Q
dil (rev + krer
— 2 250 5ab/
R TN TR
= —g U C™ [B™ (k) + k"B (k)]
dkk K2 KR
2,2 ab _ _
= OB (k) {4(61—1) Ad—1) 2
By (k)
2 2 ab 0
= g puCs0 1d—1)

(K" + (d — 2) kK] (5.7)

Expanding eq. (5.7) around € = 0, in d = 4 — 2¢ dimensions, we get

i CF ei7re

— 2 2e ab 2 uv 2_9 w1 2\ €
% abl i 2 _pv 1 w1V 0
147TC'A5 - 12/<: g+ 6/<: k| 40 () (5.8)

The first important observation that can be made at this point is that by summing the
contributions from gluons and ghosts loop one obtain a propagator that is purely transverse.
By adding the gluon-loop contribution of eq. (5.4) to the ghost one, we get

2-3d . )
e = gQ/LQECA(;abBo(k?)m [kuk - ]{329“ } . (59)
In an expansion in € this becomes'
15
(5.5) + (5.8) = i%a\aab -3 [P =]+ 0 () (5.10)

Going on and summing the first contribution, i.e. eq. (5.3), one gets the one loop correction
to gluon propagator

(k2™ — k) F Cy - fnfTF] L0()

_ s !
(5.3) + (5.5) + (5.8) = 247T(5 - 3 3

(5.11)

Strictly speaking one should sum also (5.6), but is is zero.
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The full propagator at one loop is thus

gl SOUIDY = Lo () + 50 ().

e’ a'b! 1 5 4 1 / v
. [Zﬁé b E (k2gaﬁ - kakg) (g CA - gnpr)l ﬁébb (—g’B )

1 ag 1 (5 4
_ ﬁ(gabgm/ [1 + 4_5 - (g OA _ gnfTF):| . (5.12)

T €

The last equality is possible since terms containing k® or k° always give zero when the
propagator is contracted with a conserved current, as happens in QED. We can now define
the renormalization constant Z3 at one loop as the content of square bracket of (5.12)

as 1 (5 4
Zy = 1+——|(= — —nT] 1
3 t s <3 Ca 3" F) (5.13)

5.2 Quark self-energy

As in the QED case, the one loop self energy of the quark is given only by the following
graph:

7
é@gg Oﬁ% B ddy e i o —i
& 3 = (zw)d(—lgu tin )m(—zgu tkﬂu)e—g
p, i p+l, k p, j
¢ 1 1
2 2eqa ja
= — et | ———Ah——
g K1l kz/ (271_)6[7 ﬂ_i_%f)/ﬂeg

die 1 1
= —2 2 25 a a./———
(d )g H t_]k’ ki (27T)d ¢/+}5€2

where in the last equality we have used y#v%y, = (2 — d)y that is the d-dimensional
generalization of (4.2). Using the properties of colour matrices algebra and the results of the
corresponding section, we have

di o+ pt
o o 2 2e¢
= (d=2)g°n 52JCF7u/<27T)dg2(g+p)2
= (d —2)g*u*6;;Cey, [B*(p) + p*Bo(p)]

B
= (d—2)¢*1*6;;Cevy {—%p“ + pBo(p)

d—2
= g*u*6,;Cepf (T) By(p)
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Before going on, we stress that to proceed we have to assume that the quark momenta
is such that p? # 0, otherwise this graph would vanish, since massless bubbles are zero in
dimensional regularization, as showed in the first section.

As before, we can now expand around the pole at ¢ = 0:

. O 6i7r6
g 2 265“ F 1 J— Z F 2 —E&
g 104 Crpf( 8)(4@25(1_25)(19)
~ gzdijCFﬂ—Z + 0 (60)

e(4m)?
L as .
= g E CF 51lj Z%—FO(GO)

As usual, the final step consists in extracting from this result the right expression for the
renormalization constants. We have to sum this virtual correction to the bare propagator,

obtaining
B i i\ [ag iy i
,- @ 7= g (o) [0t (45)

1 1 g
0 —|1—=—-—=C
Ty [ e 4m F}
From the last equation, we are left with

Oégl
Zy=1——-C 5.14
2 Are T ( )

5.3 Quark-gluon vertex corrections

The one loop corrections to the vertex gqq are given by two diagrams. The first one is

e,

Lbv it
= o Gt

a
q
=
=
q

(—igptnn ") [jr p (—igutrim) (—;—2)
_ G\ 33 't v =P )+ w
— (CF 2 )tﬂgﬂ /(27T)d 52(5—]9’)2(6—1—]9)2

where the contribution of the color factors in the integral is estimated using (3.48). From
now on, we will make some simplifications, since we're interested only in the UV behavior
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of the theory. For this reason the momenta p and p ’ will be neglected. Such a dramatic
simplification proves to give the correct result anyhow, provided that one keeps in mind that
some dimensionful quantity that was present at the beginning is now missing. Neglecting p

and p ' one thus gets
c 'l "ty
—g i (o — =2 / Y 1
2w (0= 3) [ e (>15)

To calculate the integral in (5.15) we have to make the replacement, valid only inside the
integral,

Osls = %EQ, (5.16)
obtaining
C d 14"y sy
— a3 _ A / - Y 1
g p 7t (CF 2 (27T)dd (£2>2 (5 7)
The product of the five gamma matrices can be reduced to
VAV = (2= d)y Y = (d - 2)%" (5.18)
The resulting integral is thus
C (d—2)% [ d% 1
B30 _ G 1

The last integral is not zero! Actually, unlike the case of Ay, it is not true that it does
not carry any physical dimension, it is dimensionless only because of our approximation of
neglecting external momenta. Had we performed the full calculation we would have obtained
that the integral does depend on a dimensionful parameter (), made by combination of
external momenta. For this reason, in order to reduce the integral to one that it’s easily
evaluable, we can reintroduce that scale substituting

diy L Ay 1 o wm i F(n_g) i
/(271')d (ﬁ2>n — /(2ﬂ)d <£2_m2)n_( 1) (4%)% F(n) ( ) (5.20)

In doing so we have recovered the missing dimension in such a way that the divergent
behavior of the integral is not altered. This last point is crucial to obtain the correct result.

If we now put d = 4 — 2¢, and work in the limit € — 0 we obtain the final result

. a C
—zgtji’yuﬂz (CF — f) (5.21)
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+g7 (=20 +p—p ) + g™ (€+2p ' +p)ﬂ}
i —i

((—p2(l+p')2 (—ignyyt5e) 7 (—iguysty;)
+

ddg € rabc B IAYY
z/(zw)d(—guf Vg (=2p—p '+ 0"+ ¢ (—20+p—p )+
(C=pR(epe

+g(C+2p +p)° ] (—igu‘ysty;)

R NI

(5.22)

Since, as shown in (3.50), i fett® = %t“ in front of the integral we have a factor

eCA a
—g’1’ 7%‘ (5.23)
The momenta p and p " can be neglected even in this computations of the integral, provided
that the dimensionful parameter that we're casting away will be reintroduced later. So one
has

_ 3 36%2?3/ iy (guﬁg'v — 2gP70" + gwg,b’) N o
gH g (2m)d (£2)3 :
We can now exploit again the replacement (5.16) and also y#v, = d. This implies
/ d't 9"+ 258 40 Ad—4 u/ dit 1 (5.25)
(me () ~ ) eoiey |

At this point we proceed exactly as before, substituting the divergent integral as in (5.20),
since the problem is the same. The final result is

3
—igty" ; §CA (5.26)

Summing now the tree level and the one loop contributions we obtain the gqq vertex at one
loop

FG;O;ZOWOW = —igtiy" —igtiy” 4—S - (C’ - % + 30A>
i
= —igtiy" (1 + ! %(CF + CA)) (5.27)
€ 4w
We can now define the renormalization constant Z; via
A 1+——(C + C,) (5.28)

4 €
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At this point let’s take a breath and analyze how the Lagrangian is affected by this higher
order corrections. The bare qqg vertex reads

gAY (5.29)

where, since we are in D = 4 — 2¢, the bare coupling constant gg is dimensionful. Now,
replacing bare fields with renormalized ones in the Lagrangian by virtue of

Vg = Zy Pr, Al = 737 Al (5.30)

we get

95 Zo Z3 brArtn. (5.31)
In principle one can extend this argument even at the others vertices 2 of the theory, finding
a combination of multiplicative factor for each one of them. Nevertheless these factor are
not arbitrarily free, since the BRS symmetry constrain them to combine in such a way that
the Lagrangian remains gauge invariant. To cut a long story short, one can demonstrate
that there are a set of relations between these vertex correction factors (Slavnov—Taylor
identities) by virtue of which one can introduce a single renormalization factor and use a
single gauge coupling instead of different ones for different vertices. Calling this common
renormalization of the bare gauge coupling Z, and extracting the dimensionful parameter p
in such a way that the renormalized coupling gz becomes dimensionless

g = Zggr | (5.32)
one gets that the quark—gluon vertex in the Lagrangian becomes now
IR 1 Zy Zs Z3*bpArion. (5.33)

But, from the evaluation of one loop corrections, we know that the gqg vertex gets Z; ' as
a correction factor. Hence, since what we can actually measured can only be the vertex,
we ask that all the divergent factors obtained by rescaling fields must be cancelled by the
multiplicative vertex correction factor Z; ' just computed. In this way when one extract a
physical quantity from a measurement he gets a finite number. This correspond in this case
at the definition

7y = Z,2,23" (5.34)

Returning now to the Z, definition we find that, using (5.13), (5.14) and (5.28) the
renormalization constant for the gauge coupling is

Jy, = ——=1———(Cx +C — Cp—= —=—-|=C,— =npT
9 ZQZ;/2 47re( ¥ A)+47T e ' 24me <3 . 3nF f)
asl (11 4 as by
=1—-——|=Ci——-nyTy ) =1—— — 5.35
47re(6 . 6"ff) e 2 (5.35)
where .

2In QCD these are the 3-gluon, 4-gluon and ghost-gluon vertex
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5.4 The running coupling constant and the  function
After the long calculations performed in previous sections, it’s time to point out, as done in
the QED case, what is the underlying physical meaning.

First of all, we resume here the results just found separating the one loop corrections as
d’s (see equations (5.13), (5.14), and (5.28)):

1
Zy =1+, Si= — 25 2(Ct )
dm €
1
Zy =1+ 6, b= — =,
Am ¢
as 1 (5 4
Z3=1+9¢ d3=— — (= Cy— =n/T 5.37
3 +03 3471_6(3A3an) (5.37)

Moreover, at the end of the last section it was shown that the coupling renormalization
constant Z, = (14 4,) is related to the others Z’s through (5.35), so that
as by

Knowing the form of renormalization constant for the coupling Z,, it’s easy to write the
relation between bare and renormalized o’s as

ap = Z; i ag (5.39)

A very important observation that can be made at this point is that g must be blind with
respect to a change in renormalization scale . This result is somehow expected since p is a
parameter introduced in order to keep ar dimensionless, while in general ag can depend on
some other physical scale A. This implies that agr = ar (#?) must depend on this parameter
w1 that can be thought as the scale at which we are studying a process or we are making a
measure in an experiment.

In order to work out the p dependence of ag we compute the beta—function. Deriving
(5.39) with respect to log(p?) one gets:

dz do
2 2 R
0 = 2/,L OéRd—'ug + GZQOKR +u ng_ILLQ
R ng
= (1+2——*= 4

( -+ Zg dOzR> ﬁ(aR) + €ap (5 O)

where the beta—function is defined by
da
_ ,28%R
8on) = 155 (5.41)
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With easy algebra and using (5.39) we find that at one loop order:

B (ag) = —by oy, + O (a}) (5.42)

Solving this differential equation one has:
P din2 ar(p?) d
—by 4 - AxR (5.43)
2 2
% 2 @

which implies

aR (MQ) _ OR (:u?)> (544)

1+ ag (ud) b log (Z—g)

Several remarks are now necessary. First of all, in (5.44) we can read the relation between the
value of the coupling constant at different scales in the perturbative regime, but it’s important
to remember that the particular functional form of such a relation (5.44) is obtained as a
first order approximation, hence it’s validity is limited at that order.

A second observation concerns the role of the regularization parameter e. In QED, in
order to regularize the theory, we introduced an UV cut—off A that disappeared as soon as one
look at physical quantities such the coupling constant. This permitted us to take the limit
(A — o0) safely. Remembering that, it’s not surprising that the same thing happens to €
parameter in dimensional regularization: though the renormalization constants Z’s strongly
depends on €, this parameter disappears when we look for physical quantities.

Last but not least, one can use (5.44) to find the limit of validity of calculations performed:
it is clear that if at the scale y one has ag (u?) ~ 1, next to leading corrections become as
important as leading order ones, hence perturbative expansion loses sense. So, it is crucial
to understand how ap (u?) varies with p?. But the sign of the beta—function gives us these
informations: let’s suppose to fix ap (ug) at a scale u2 < p? from a physical measurement.
Then (5.44) tells us that ag (u?) > ag (u3) if by is negative, i.e. if 8 (ag) has positive sign.
This is analogue to what happens in QED.

In a non abelian gauge theory with N flavors, instead, we see from (5.35) that this only
happens if Ny > %NC. In this regime the theory has an IR fixed point and perturbative
calculations can be made only in this energy region since the coupling constant grow up with
the scale.

In the opposite regime, characterized by Ny < %Nc, the beta—function is negative and we
have an UV fixed point. This phenomenon is called asymptotic freedom and it means that
the perturbative series can be trusted only at high energy while at low energy the theory is
strongly coupled, so that any PT expansion loses sense.

The third possibility is that Ny = %Nc. In this case the beta—function is always zero and
the theory exhibits conformal invariance. In fact in this regime ag (su?) = ag (u?) where
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s is a scaling factor. So, if we are in weak coupling regime at the scale u?, we can apply
perturbative theory to any other energy scale.

Experiments show up that a theory that aims to describe strong force effects must be
strongly coupled at low energy and weakly coupled at high energy. Fortunately, this happens
in QCD: here we have N. = 3 colors and Ny = 6 flavors, so that Ny < %Nc and we have an
UV asymptotically free and IR strongly coupled theory.

At this point of the analysis it is important to fix an energy scale with respect to which
define the UV and IR phases. We take this scale as the scale p2 at which the coupling
constant ag (ug) diverges and we call it Afcp. From (5.44) we see that

an (1) = [bo log (é:;)] (5.45)

Using this relation and measuring ag (%) at an arbitrary scale p one can extract a value,
valid as one loop result, for Aqep >~ 250 MeV

Notice that this argument is not theoretically self-consistent since we are using some
results obtained by means of PT expansion in a regime in which the theory it’s strongly
coupled. Anyway it helps us to fix approximately the ideas on what IR and UV means in
QCD.

A similar calculation could be performed also in QED, in fact taking Cy, =0 and 7y =1
we can derive from (5.38) that in QED by = —5- (we set Ny =1 too). So, from (5.45) and

3
taking (u% = m?)3, one has at one loop:

3
Ajep = miew<t"®) ~mg e

~ 10°* GeV? (5.46)

That is why nobody talks about Aggp: it is a scale bigger than Plank scale. At such a
scale gravity effects becomes non negligible and this fact must be accounted for if one wants
a gauge field theory that could be correct even at that scale.

5.5 Strong coupling renormalization-scheme dependence

The MS renormalization of the strong coupling constant at one loop is given by

C «
g = Qg (1 - ?F bg ﬁ) (547)
where
- 11 CA - 4np TF

bo (5.48)

6

3Remember that at the electron mass scale o, (m?2) = 1/137
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The MS ultraviolet counterterm for the scattering amplitude at one loop that should be
added to the unrenormalized result is then

Pl b Atrce] , (5.49)

€ 27

where n is the order of the tree-level amplitude in as.

% Missing all the discussion on the renormalization-scheme dependence ***

5.6 The Callan—-Symanzik equations

Is there a general lesson about renormalizability that we can learn from the previous para-
graphs of this section? The answer is obviously positive. Consider a general local* operator
O. One can write that the effects of renormalization on O are to introduce a renormaliza-
tion constant Z» that relates the bare operator Oy to the renormalized one Opg, so that this
last quantity does not depend on the regularization parameter, like the cut—off A or the €
parameter in dimensional regularization, that one must introduce in order to keep control
of UV divergences.

The drawback of this is to introduce a dependence in O from a new scale pu, called
renormalization scale, that it’s nothing but the point where the subtraction that cancels the
infinities coming from loop integrals takes place.

In one formula, for a cutoff regularized theory, one has:

A
Or (k,gr (1), 1) = Zo' (gR (1), ;) Oo (k, g0, \) (5.50)
or, conversely,
A
OO (kjag(hA) = ZO (907ﬁ> OR (k7gR (/“L) 7:u) (55]‘)

We explicited the dependence of O’s both from the bare and renormalized coupling constants
keeping in mind that it’s always possible the express one of these quantities with to respect
the other: gy = go (gR, %) and vice versa.

It’s important to stress that Z» has to depend both from A and from p. The dependence
from A is required because of the dependence of Oy from this scale, in order to form an
object A-independent, but since it is adimensional, as we want O and Oy with the same
dimension, we are forced to introduce on the right side of (5.50) the renormalization scale u
and use it to keep all argument of Z» dimensionless.

4To avoid any misunderstanding, we prefer to stress that local has the meaning that O is in general a
function of only the difference between two spacetime point |x — y|, i.e. is a function of a single momentum
k.
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Let us now fix the cut—off A and the bare coupling go: for example we can safely take
the limit A — oo since equation (5.50) assure us that in this limit its left hand side is well
defined.?

If we now derive both side of (5.51) with respect to log u we get zero on left hand side,
since Oy does not depend on the renormalization scale, while on the right side we have:

d " )
leglu [ZO <g() (A)7K> OR (kiagR (H’)a/i)] —
0 dgr O
- 4 - Y .52
(c‘ﬂogu—i_dloggag]{)[ o Og] 0 (5.52)
Defining as usual
_ dgr
BU9r) = oan (5.53)
equation (5.52) takes the form
9 d
(810gu i ﬁagf) [Zo Or] = 0. (5.54)

Noticing that Z» does depend on p but not on gg, we can rewrite the previous equation as

0 0
(mogu T 70) On =0 (559)

where we have introduced a new function v» defined by

Odlog Zo»

~Bleas (5.56)

Yo (9r) =

This is called renormalization group (RG) equation or Callan-Symanzik equation®. The

5Strictly speaking the independence of O from A in the massless limit it’s not true for scalar field theories
(Weinberg, Phys.Rev. D 8-10, 1973)

6What shown it’s just a particular case of the general Callan-Symanzik equation for the T-ordered product
(< ...>) of astring of n fields plus the insertion of a local operator ©. Such an object, that may be
defined by

G "V (pl,. . ppik) =< ¢(p1) ... d(pn) Or(k) > (5.57)
is related to a Green’s function of bare fields via the rescaling
G V(L. paik) = 272 () Zg' (1) < ¢(p1) - d(pn) Oo(k) > (5.58)
Now, defining the beta-function as usual, eq. (5.53), and introducing the gamma-function v = — gll?)i i , one
can shown that Green’s functions containing a local operator O do obey a CS equation of the form
0 0
gy G ™D — g 5.59
(50 + P~ 71 =0 (5.59)

which reduces to (5.55) for n=0.
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problem one has to face now is how to find a solution to the Callan-Symanzik equation (5.55).
In general one can keep two different approaches: the first one is to try to find a solution
in a perturbative expansion with respect to the coupling constant g, while the second one
is more formal and gives a solution valid to all orders. Since the Callan-Symanzik equation
does not rely on perturbative approach it’s important to realize that the first approach is
more limited than the second one, although it can be more intuitive.

Because of this last aspect, let’s start from the first approach. Consider an observable
R which is adimensional and depends on the external momenta in such a way that they
produce only one relevant dimensionful scale s.

S

= (5. 5) (5.60)

where g is the renormalization scale. In order to avoid misunderstandings, all the quantities
we are considering are physical ones (g = gg,...). With an abuse of notation we forget the
index R from now on.

Just to give an example, R may be thought as the ratio between the cross section for
scattering (eTe™ — hadrons) and (ete™ — ptpu™):
o (eTe~ — hadrons)
o(ete” — ptum)

R= (5.61)

This R is adimensional and depends on the external momenta through the Mandelstam
variable s = (pe+ + pe-)°, with canonical dimension [s] = 2.

Since we're talking about a physical quantity, not a local operator nor a Green’s function
and there is only a single scale in the problem, the only +’s that can appear in the CS
equation are those related to fields strength renormalization. But physical quantities cannot
depend on an arbitrary shift in the value of the fields, so

0 0
(Mo—g/ﬂ + ﬁa—a> R=0 (5.62)

A better argument to show that R can’t be renormalized by a Z factor it’s simply to
look at it as the product of conserved currents for whom every Z; = 1.

Since we're following the perturbative approach, let’s take now o < 1 and expand all
the terms appearing in (5.62) in power series of a:

R = Z Jn " (Mz)
n=0
B = - ibn a2 (1?) (5.63)
n=0

The expansion of the beta—function is in accord with the general result for a non—abelian
gauge theory that we found in equation (5.42).
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Substituting back one gets that equation (5.62) becomes

o 8fm o oo . 00 -

B afm . 00 . n
= mzz;) alog ,u205 - nZ:%Oé +1 kz_; kfkbnfk (564)

From the last formula it’s easy to extract the generic order term in «. Let us consider
the first ones: at order a® and a' one gets contribution only from the first sum in (5.64).
This means that f, and f; must be independent from the renormalization scale u. So we
can choose fo = 1 and f; = a;. Nevertheless this two terms have very different meaning:
fo comes from tree integrals and it is not strange that it does not feel any renormalization
effect. Instead f; comes from one-loop integrals. So Callan-Symanzik equation tells us
that at one-loop all UV divergences has to cancel out without any further renormalization,
otherwise f; would take dependence on the renormalization scale!

At the generic order o”, with n > 2, from (5.64) one has instead

Ofn —nz_lkfb (5.65)
alog qu - £ kUn—k—1 .

Resolving the equation for f, gives:

12
fo = albolog?+a2

2 2 2
£ o= a [bg log? % + by log ’ﬂ + 2a5bp log % + ag
2 5 2 2
fi = a [bg log® 2o 4 2poby log? &= 4 by log “—} +
s 2 s s
1 1 %
+as {36(2) log? = + 2b; log —] + 3agby log — + ay
S S S

fs = - (5.66)

Wherze a; are integration constants. In general, keeping for every f; the highest terms in
log £, one can write

2\ n—1
fon=a (bo log M—) + - (5.67)
s
Using this relations in (5.63) the power series expansion for R can be expressed in the form

R = 1+aa(s) [fj <a(u2)b01og“;>n

n=0
a(p?)
1+ a(p?)bolog e

+ az o’ (,uz)—l—---

= 1—|—CL1

+aso® (p*) + -+ (5.68)
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If we now use the running of the coupling constant (5.44) we arrive to an important
result” :

R=1+aia(s)+aa® (0) +- - (5.69)

Let us resume what we have done: we started expanding R by using the coupling a at the
renormalization scale ;2. Then RG equation implies that if one is able to resum contributions
containing a single logarithm for every power of & coming from every order, i.e. (« log(%))”,
the physical observable R looses its dependence on p? at first order, depending then only on
the physical scale s. This is just the statement that the running of the coupling constant
effectively resums all the leading logarithms.

If one wants to extend this argument to the term proportional to as he has to consider
also the next to leading logarithms in (5.66), i.e. he has to consider also b; terms. So it is no
more possible to use for a; the formula in (5.44) since it was derived using only the leading
term in the expansion of the beta—function (see equation 5.42).

We remark again that « (s) in equation (5.69) comes from the sum of terms to all order
in a(p?): this is a crucial point and has many consequences. First of all it implies that
all truncated power expansions depend on the renormalization scale p?. Only considering
contributions to all powers in « (?) the dependence from p? is lost and the sum of the series
is supposed to depend only on s. The previous calculation shows that it happens at the first
order in a(s). Since usually one knows only the first terms of a perturbative expansion, the
choice of the renormalization scale becomes fundamental.

The example we have here studied shows that if the physical quantity one is considering
depends on only one scale, it is clever to use this scale as renormalization scale in the
expansion. In more complicated cases the right choice is not so clear. This is the so called
renormalization scale dependence problem.

From an experimental point of view this can be dramatic. However it happens that the
dependence of physical quantities is weaker and weaker as the perturbative order of the
expansion is increased. Actually, what is usually done is to vary the renormalization scale
1 up by a multiplicative factor 2 and down by one half and then consider this band as an
error band giving in some sense the order of magnitude of the next order correction.

As anticipated before, one can derive a formal solution of the CS equation without the
explicit use of perturbation theory. In this final part we will see how this works for a physical
adimensional observable in the case of massless particles. We will see how the logarithm
resummation can be expressed in a single formula: in particular the argument will show in
a compact way the fact that the better choice for the argument of the running coupling is
the typical scale of the process.

Let’s start with a massless theory. For example we can think again at the observable R

"In the case that R is the ratio defined in (5.61) there would be an extra factor (nc Zf qj%) in front of
the series (5.69)
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as the ratio defined in (5.61) as calculated in massless QCD but the argument is the same
for all observables as the one defined in (5.60). The equation R must obey is (5.62) that we
recall here for convenience, with the definition ¢ = log (s/u?):

0 0
Oa

—5 ﬁ(a)—] R=0 (5.70)

The general solution to this equation must have the following behavior:

R (@ (12), i) — R(a(s),1) (5.71)

The proof goes as follows. From the definition of the beta function the following equality

holds: _
o da/

t= 5.72
o B(O/) ( )
where @ = a(u? = s) is a function of s. Taking the derivative of (5.72) with respect to ¢ one
obtains | 85 5a
a a
1 = —— = — = Y
3(a) ot g P

while deriving with respect to « gives

1 O 1 g g
B oa oo N da  pB(a)

B@)oa  Bla)da ~ da (o)

Then every function of & is a solution of (5.70):

[—% + B(a)(%} F(a) = [—%—‘Za% + ﬁ(a)g—zé%} F(a)
- |s@g | F =0 e

We used the chain rule and the two relation just obtained. But now if we require R (a (1?) , s/p?)
to be a solution of (5.70) then it has to be equal to the general solution obtained as a function
of & only, and this closes the proof.

From equation (5.71) it is clear that if one wants to avoid at all order in the result the
presence of large logarithms of the ratio s/u?, i.e. if one wants to resum them in a consistent
way, then the correct choice for the renormalization scale is u? = s. We have recovered the
result obtained with a perturbative analysis.
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Chapter 6

Infrared-safe variables and jets

6.1 Infrared divergencies
6.2 e"e” —¢q at NLO in QCD

6.3 Soft emission in QED

Let’s now concetrate on QED case. Infrared divergences in QED with masses can arise only
from photons with soft momenta. The contributions to these divergences originate from
real photons with energy lower than some experimental treshold for resolvability, i.e. some
detector lower cut-off ., and virtual photons with k3 < E? after Wick rotation.

We start by studing the multiple emission of n soft photons from an external leptonic
leg, without caring if these photons are real or virtual.

Calling p’ the momentum of the lepton and ki, ..., k, the momenta of the photons we
can study the Dirac structure of this diagram. In the soft limit multiple emissions factorize,
but each propagator before an emission gives a divergent contribution

1 1

pu— .].
Wtk —m? 2wk (6-1)

Thus the amplitude becomes
i+ +m) W+ ¥+ K+ m)
a(p')(—ievu,)) T ( ze’yNQ)Qp/ Tt k) 1003

o (—ie,,) ;g’/ I ;%lk} ﬁ (+) (T;)) (iMyard) - - - (6.2)

where, since the photons are soft, we can neglect the k; in the numerators and the O(k?)
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terms in the denominator. Simplifying the Dirac structure one gets

a(P )y +myt( +m) = alp )yt (YA, +m) .
— p’) (QQHIHAP A '7MAp,,uA'7M1 + m/ylil) 4= u( ’) 2p’m + ...
=u(p') 2p™ 2p"* ... (6.3)

and equation (6.2) becomes

a(p) (elfle> <ezf'(zrf%ka))"'@AAth>”' (6.4)

The particular structure of the subsequent emissions in the previous formula can be derived
even thanks to eikonal approximation, which we will study later for QCD soft emissions.

We have now to sum over all the possible different ordering of photons insertions. For the

moment we do not care about possible overcounting, such the case of two photon attached
togheter to form a single virtual photon, since we’ll take care of this later.
There are n! different possible ordering of the external photons momenta. This means that
we have to sum n! diagrams. To do this sum we start by defining a permutation II. Let’s
take an integer 4, in the range [1,n], and define TI(i) as the result of the permutation. Notice
thatll(7) must be in the same range of i. For example if we have three integer 1,2, 3 and
we have a permutation such that 1 — 3,2 — 1, 3 — 2, we have II(1) = 3, TI(2) = 1 and
I1(3) = 2. In order to sum over all the different permutations we have to use the following
formula

> 1 1 Ll 65

e knayp - (kH(l) + kn(2)) p- (kl'[(l) +oo 4+ /fn(n)) p-kip- ks

proof

For n = 2 (6.5) can be easily verified

1 1 1 1 1 1 1 11

P1 P1+DP2 P2 pP1+ D2 pP1 DP2) p1+Dp2 D1 D2

Suppose now that (6.5) holds for n — 1, we can now demonstrate it for n.

1 1 1
3 . (6.7)
S P ku P (bugy + k) - (ko) + -+ b))
B 1 1 1 1
Pk p- koo p- (k’n(l) + k’n(2)) U p- (kl'[(l) + - kH(n—l))

perm

The last formula is independent from k(). If now we call i = II(n) we can formally write

the sum over the permutations as
2= > Z (6.8)

=1 II"(%
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where the second term in the right hand side of (6.8) holds for the other n — 1 contributions.
In this way the sum over the permutations (6.7) becomes

1 "1 1 1 1
p-Zk;p-kl”'ph_l P'ki+1.”p’kn

(6.9)

We have now to multiply each term in the last sum with a factor g :Zi, from which we obtain
(6.5). Q.E.D.

Returning to our problem and applying (6.5) we have

B p/,u‘l p/u2 p/,ufn
/ . - 6.10
a() (ep, | k) (ep, =) (6.10)

In the case of a second lepton leg, with ingoing momentum, it’s easy to show that the
various contribution to the propagator are the same except for a minus sign for each photon,

0= S k) —m? =2 Yk (6.11)

If we now consider diagrams containing n soft photons connected in all the possible orders
to two external leptonic legs, one with incoming and the other with outgoing momentum,
we have for the amplitude the result

/b1 L1 /42 12
w(p ) Muparau(p) e ( i P ) e ( P P )

p"kl_p'k‘l p’-k‘Q_p'k’Q
p/,U«n p/»"n

.. — 6.12

e(p'-kn p-ksn) (6.12)

After that we have to separate the contribution coming from the virtual and the the real
photons, deciding what of these photons are reals and what are virtuals. A virtual photon
actually it’s nothing but a couple of photons with momenta k; and k; such that k; = —k; = k.
After that we have to multiply for the propagator of this virtual photon and integrate over

k, obtaining - S i ) y ,
X=— — — — 1
2 /(27T)4 k? <p’-k p-k> (—p’-k —p-k) (613)

The 1/2 factor in the previous formula is due to simmetry of the the exchange of k; and k;.
If we have m virtual photons we have to follow the same procedure for each single photon,
the resulting simmetry factor being 1/m!. Summing all the contributions due to the virtual
photons we have

o

a(p) (iMaa)u(p) Y

m=0

Xm

m)!

= ﬂ(p/)(iMhard)u(p) et (6.14)

For the emission of a real photon we instead have to multiply by its polarization vector, sum
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over the polarizations and integrate the squared amplitude over the real photon phase space

obtaining P » ) /
P P e jus
Y = —e%(—q,, - - 1
/(27T)32k‘6( g“>(p’-k p-k) (p“k p-k) (6.15)

In the case of n different real emissions we still have the factor 1/n! (n identical bosons in
the final state). This implies that the cross section for an emission of any number of real
photons is

= do do =YY" do
Zom(pﬁpl—%nv):m(p%p')goﬁZm(p%p/)ey (6.16)

If we now combine the two previous results, in order to consider the cross section due to the
emission of both real and virtual photons we obtain

do do 2X Y
dQ ~\aa 1
(dﬂ)measured (dﬂ)oe ¢ (6.17)

where in the left hand side of the previous equation it appears the differential cross section
as we can experimentally measure it, while in the right hand side there is the bare one,
multiplied by the two Sudakov exponential factor due to the emission or to the exchange
of infinitely many soft photons. If we try to evaluate these exponential, for example, for
the n-jet cross section, we can use the calculation already done for QCD. The only subtlety
is to put, at the end of the day Cr = 1 and C, = 0 to recover correct QED results. The
exponentiation of the two jet cross section then follows straightly from (6.36) and gives

2 1 (2 ’
oy = 0o (1 — &C’F log e log 6% + o (ﬁCp log € log 52) . )
T P\ m

2
= 09 exp {—&C’F log € log 52} (6.18)
m

The three jet cross section instead becomes

2 2 ?
o3, = 09 <%C’F log e log 6% — (%CF log e log 62) )

2 2
= 09 (%CF logslog62> exp{—%CF 10g510g52} (6.19)

and so on. The generic term n emissions is thus

1 20 N\ 20 )

Onj =09 ——— | —Crlogelogd exp ¢« ———Crlogelogd
! (n=2)!\ =« T

1

(n—2)!
The last expression is interesting because shows that summing over n all the contributions the
exponential that appears cancels out the one already present, giving us back og. Furthemore
we have found that the generic n-th term obeys a Poisson distribution function, this implies
that the average number of jets is

A=2)p=A (6.20)

2
A= (i) =2+ %Cp log ¢ log 62 (6.21)
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6.4 Soft emission in QCD

Soft emissions are very important both in QCD and QED because of their large number. In
fact, we will see that since the emission spectrum behaves as ‘% , the probability to emit a
soft particle is very large. Let’s concentrate to the QCD case studying the emission of a soft

gluon from an off-shell photon decaying in a ¢ couple:

p p
i " %, r+
)
k,a n 6666\ k,a
P P

A
a(p) T — /_ g <alb) (=ig*) £ olp)

= aw gy DA

M" = u(p) ealk) (—igy™)t" o) +

In previous formulae we considered a generic vertex form factor I'*. Being in the soft
approximation (k << p,p’) we can neglect now the ¥ factors in the numerator, so using
Dirac equations one gets

~ W |p-€ p e
M =~ ulp) gt {ﬂ e — I p,‘k}v(p’)

which can be cast in the form

Mg = gt a) T o) 2a(h) {2

= gt*u(p) T* v(p') ea(k) J* (6.22)

™
I

~ Q
—

with J% called the eikonal current. We have just showed how soft gluon emission from a
quark line factorize into the product of an emission factor times the underlying amplitude.
This is exactly what one would have expected since long wavelength radiation doesn’t know
anything about the spin: the soft limit is a classical limit while the spin is a pure quantistic
object. Furthermore it worths noticing how the soft approximation doesn’t spoil the current
conservation equation k,J“ = 0.

In the same way one can evaluate the soft emission amplitude from a gluon line . Starting
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from an amplitude A., and neglecting & with respect to p one has

666Qk,a,c;(
66
ALY
~p,b,B
Moy ~ —Ao, ig fo° ﬁ ealk) € (p) (6.23)

From the factorization properties seen in previous calculations one can easily extract the
“Feynman rules” for soft gluons emissions. They read

S k,a,a
&
(Q a pOé
. pi = 9t p-k (6.24)
S k,a,a
&
S o« P
ég k,a,a
- Y g foe g 2
o TTOTITSTT 0000000000, . _jg fabe g " (6.26)

Armed with these rules let’s return to the ¢g pair production from the decay of an off-
shell photon. The amplitude for the emission of an extra soft gluon was calculated in (6.22)
so the differential cross section, obtained after squaring, summing over polarizations and
colors, reads

_2pap/,8 d3 k
do, = Aol*g? eacly C d 6.27
99 Zl 09" €ac Cr <(p~/€)(p’~k) (27)3 20 2 (6.27)

spin

where | Ag|? is simply @(p) T* v(p’) of (6.22) times its hermitian conjugate. The last formula
can be simplified using dog to indicate the differential cross section without gluon emission
and considering that if the emitted gluon is soft p and p’ are almost anti parallel. Defining
6 the angle between the gluon momentum k and p, ¢’ that between k and p’ and 6,y that
between p and p’ one has in this limit ,, ~ 7 and §' ~ 7 — . So one gets

) p-p KOdk®d cos 6 dyp
dog = don g Cr (<p-k><p'-k>) Grz 2
asCr dp dk® (1 — cosb,,) dcosb
T 21 KO (1—cosf)(1— cos®)
asCr dip dk° 2 dcosf
T 27 KO (1—cos6)(1+ cosf)

= do, (6.28)

82



At this point if one evaluates the integral over the phase space to get the real emission
cross section one encounters singularities in the soft k% — 0 and collinear § — 0, 7 limits. But
since the total cross section is an infrared safe observable, we know, from the KLN theorem,
that the sum of real and virtual cross section must be finite. So one can write down the
virtual differential cross section at hand

doy, 205G /v 52 dk"° /1 d cos '
dkOdcos® T 0 kO J_1 (1 —cos@)(1+ cos®)
§(KY)

2

Beware that the integrals appearing in the previous equation aren’t phase space integrals:
equation (6.30) actually represents a differential cross section. Those integrals are only a
clever parametrization of the loop integral of virtual graphs, in order to get two formulae,
the real one and the virtual one, with the same variables. One can now easily verify that
doing the integral over the phase space of the sum of (6.29) and (6.30) the singular part of
the cross section completely disappears, leaving only a finite result.

[0(1 —cosf) + (1 + cosb)] (6.30)

6.5 Sterman—Weinberg jets

Jet rates are an example of infrared safe observables calculable in field theory. Loosely
speaking a jet is intended to be a bunch of particles near in the phase space. Because of
this lack of rigour in the definition of what a jet is, several jet constructing algorithm can be
defined. The first that has appeared in the literature and one of the simplest is the Sterman—
Weinberg jet algorithm. We say that an event contributes to a jet a la Sterman-Weinberg,
that depends on the two parameter dand e, if there exist two cones of width § that contain
all of the energy of the event except for an ¢ factor. For example in the case of the event
represented in the figure below

where Fy,F5 and FE5 are the only particles outside the cones, the event is accepted as a
Sterman—Weinberg jet only if

Ei 4+ Es + B3 < eEror. (631)
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We now present an explicit calculation for the event ete™ — ¢g. We already know that the
NLO real emission correction, i.e. the emission of an extra gluon, gives an infrared divergent
contribution. However, because of the infrared safety of jet definition we used, we can evade
the questions about the divergent probability of the event gqq.

First of all we have to extimate what are the contributions to the jet event. The diagrams
we have to take in account are the Born amplitude, the virtual and the real corrections. In
the case of Born and virtual amplitude we’re left with a back to back kinematic even in the
final state, so there always exist a cone, with width §, that contains all but an e part of the
total energy. Hence these diagrams always contibute to the jet event. Their contribution
can be easily evaluated

2 E dk 1
Born + Virtual = oy — 09 Cx s — / dcost) ———— (6.32)
7 Jo 1 — cos? 0

As far as we concern the contribution of the real gluons we have to distinguish two cases

e If the energy of the gluon, i.e. the only particle outside the jet )is ky < eFE, the event
contributes to the 2—jet cross section and we have to calculate the integral

2 £ dk d cosf
Ry = 0oCh :S / Sl / €8 (6.33)

1—cos2f

e If ky > eFE we have to take in account only the case where 6 is inside the cone defined
by 6. The integral to calculate is thus

205 [F dkg 5 dcosh T dcosf
Ry = 0oCr— — _— _— 6.34
2= o0 /0 ko [/0 1—00529+/ﬂ_51—00829 (6:34)

The 2-jet cross section is now given by summing all the contributions. Doing this sum it is
immediate to observe that the singularities are absent in the integral, which means that we
have an infrared safe quantity. The final integral results

2 E dk dcosf
Born+Virtual+Real = 09 — 0¢Cr & = / cos (6.35)
cE 1—cos?6
The final result for the two jet cross section at the first order is thus
205 9
oy =09 | 1— ?C’F logelogd” | . (6.36)

Notice that the previous result remains finite as long € and § are taken finite. At this order
the calculation of o3; is straightforward. Knowing o,; and conidering that we are studing
the process eTe™ — ¢gg we know that o = o9; + 03; = 0¢. This implies that o3,

2
35 = —5 C loge log 6 (6.37)
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Thus the more oy; becomes small, the more o3; gets large. This can be pratically obtained
lowering ¢ and ¢ in the jet definition. However, some care is required since lowering the
parameters one encounters values of them for whom o9; gets negative. This result has the
physical interpretation that the infrared safety of SW jet definition is vanishing since the
more the integrals approach singularities the more they feels the soft and collinear divergences
and the perturbative series loses sense. If we want a correct physical result we have to be
able to resum the series. This resummation can be explicitly done in QED, while in QCD
this can’t be done to all order since the more the gluon emitted becomes soft, the more the
coupling ag associated with its emission becomes large. That coupling does indeed depend
on the transverse momentum of the emitted gluon'

Qg = as(kl) (6.38)

and thus the resummation in the limit £, — 0 does not exponentiate as in QED, because of
the IR slavery of QCD.

6.6 Angular ordering

A more interesting property of soft gluons is the angular ordering of subsequent emissions.
This can be proved returning to the previous example of a virtual photon decaying in a
qq pair with an extra soft gluon. The real differential cross section is exactly the same
until (6.28), but now we can’t assume p and p’ anti parallel. Retaining the right angular
dependence we can rewrite (6.28) redefining

9/ == 9]'
Qpp’ - (9” = 91 - Hj
and using the identity
1 —cost;; 1 cos 0; — cos 0;; N 1
(1 —cos;)(1—cosf;) 2 [(1—cosb;)(1—cosf;) 1—cosb;
1
= W(i) + W(j) (6.39)

The last definition is useful since each of the W can be viewed as a sort of radiation prob-
ability from the corresponding (anti-)quark line. Mind that they aren’t actually true prob-
abilities because the W’'s are not positive defined. Nevertheless they are important since
each of them is singular only in the limit of gluon emission parallel to the corresponding
(anti-)quark, while they are finite in the limit of gluon emission parallel to the other one:

Wy — oo if cost;—0 W) — finite if cos@; —0
Wy — o0 if cosf; —0 Wy — finite if cosf; —0

1Strictly speaking the natural argument for o would be of the order of k,, but using k; is a good
approximation.
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To prove the angular order property of W(; we consider, without loosing generality, the
following three-momenta configuration

Having chosen p in the z direction and p’ in the (z, z) plane we are left with

p = p"(1,0,0,1)
p = p” (1,sin6;,0,cos ;)
k= k% (1,sin6; cos @, sin 6, sin ¢, cos 6;). (6.40)

At this point, comparing & - p’ = k°p"*(1 — cos ;) with what one would obtain from (6.40),
one can extrapolate a relation between the angles:

1 —cost)j = 1—cosb;jcost; —sinb;;sinb;cosyp

= a—bcosyp (6.41)

What we want is to evaluate the integral of W; over the azimuthal angle , so we start to
consider only the integral of the ¢-dependent part

2m

d 1

Iy = / s (6.42)
0 2m a—bcosy

Defining z = e we can use the residue theorem to simplify the evaluation of the integral:

7 B 1/ dz 1
O = 3 Juu iz amIGAD)

1 dz
- 5 Lo (04

where

+ 2_b2
by = VO TP ”Z (6.44)
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Since only z_ can lie inside the integration contour we have

Iy = 2 Res{ = z_)l(z )

;z:z_}

b

BETE
b \z— 2

1 1
Vaz— b2 \/cos? 0; + cos? 0;; — 2 cos b; cos b,
1

= , 6.45
| cos 0; — cos 05| (6.45)
Hence from (6.39) one has
T dyp 1 1
— Wy = = —— |1 0; — 0;,:)1;
/0 or V0 = 5 Tooeq: LT (costi—cosby) 1)
1 1 cos ; — cos 0,
= = — 6.46
2 1—cosb; + | cos 0; — cos ;5] ( )
SO
L if 6, <6
on — if 0; <0y
dp 1 —cosb; ’ "
/0 5 V() (6.47)
0 if (91 > Gij
The same machinery holds for W;) which results
L if 6, <6
Tdp 1 — cos,; J J
— Wiy = J 6.48
/0 5 Vo) (6.48)
0 if Qj > 6)1‘]'

The resulting picture is that soft gluon radiation from the (anti)quark leg is admitted only in
a cone of angle smaller than that between quark and antiquark momenta. Moreover one can
consider the radiation inside the two cones as being uncorrelated. Thus the graphs in which
the emission is from quark or antiquark can be summed incoherently, being their interference
completely taken into account for by constraining the emission to be within those cones.

Repeating the calculation for the emission of an extra soft gluon, one finds the same
relations between subsequent angles, but this time applied to each of the previous dipole.
To see that these two contributions can be summed incoherently let’s analyze more in detail
the contributions to gqg final state from the decay of a gluon of momentum ¢. Using the
soft “Feynman rules” (6.24-6.26) one has

§k,a p p p
9oy

70000 \1009 N 7000000t %k,a N 76000001 66gg\k,u

pr pr pr
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. abe q'Ec b a p-e a p Eb
= (— ——t“Myorr, + t° Moy, (gt*) —— —gt%) ——t" Mporn
(—igf )q-k‘ born + 1" My, (g)p_ +(g)p’-k‘ b
- et 1= - 2= = — Z— )| Myopn 6.49
[g (q-k p’-k)+g (p-k q-/f)] ’ (6:49)

The two factors correspond to the two possible ways in which color can flow in previous
graphs: the initial gluon can be color connected to the quark or to the antiquark. The soft
gluon can thus be seen as emitted independently from the quark or the antiquark. Actu-
ally this description is not entirely correct since when one tries to evaluate the probability,
squaring the amplitude and summing over spin and color, one has the interference term that
spoils this simplistic result. Nevertheless one finds that the interference term is suppressed
by a factor 1/n? since its color factor is

66666 0o

5>

2

SO0y
20099

2 _

compared to

As a result, the emission of a soft gluon can be described, at the leading order in n—12 expansion,
as the incoherent sum of the emission from the two color currents.

Returning to our analysis of an additional gluon emission one finds that one can consider
the two color contributions to ggqg as independent emitters: one where the color connection
is between quark and initial gluon and the other where it is between antiquark and initial
gluon. The emission of the additional gluon will thus be constrained to be either in the cone
formed by the gluon and the quark or within the cone made by the gluon and the antiquark.
In both cases the emission angle will be smaller than the angle of the first gluon. This leads
straightly to angular ordering with successive emissions taking places within cones with an-
gles smaller and smaller.

We can summarize previous results concerning soft gluon emission from the parton ¢
using the generator of its colour group representation T'y, where a is the color index of the
emitted gluon. Schematically

QQ a t9, for outgoing ¢ or incoming q
SRR ( .................... Ta — _(t;l/Z)T for Outgoing q or incoming q

if't for gluon
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Being generators of color representations, Ts satisfy

Cr if i is a quark or a antiquark
T? —
C, ifis a gluon

In this way, given a generic process, the emission of the soft gluon of momentum £ and color
a from any leg of momentum p; can be described by

v} p;
Jha  — Te v _ T¢ v 6.50
inc%n:ing ' p- k cm%);ng Z p- k ( )

where the sum is split between incoming and outgoing emission leg. One can easily verify that
the current conservation k,J** = 0 still holds since color conservation implies >, T = 0.

6.7 Large-angle soft-gluon emission

Let’s now concentrate on large angle soft gluon radiation, in particular let’s consider the most
general case of an incoming parton pg splitting, because of the interaction with some external
field V, in a bunch of partons with small relative angles and emitting a large angle soft gluon
either from one initial or finale state leg. The process can be graphically represented by

where the smallness of relative angles between partons with respect the angle of gluon emis-
sion is accounted for assuming

0 > O
0 > 0, Vj

Here 0, is the angle between the emitting particle and the initial parton direction while 8;;
is that between the emitting particle and another generic final state parton p;. With these
assumptions all radiation factors are almost the same

pz pO .
S Vi 6.51
pi-k po -k ( )
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thus the eikonal current

can be simplified in

- Ty (6.52)

because of color conservation, where T'y, is the generator of the color representation of the
scattering field V. Thus the probability of emitting a large angle soft gluon is proportional
to the color charge of the interacting field, irrespectively of the parton that actually emits
the gluon. This mechanism is called color coherence and a typical example where it is
important can be found in Higgs production. Here two competitive process are the most
importants: weak boson fusion and gluon-gluon fusion via top quark loop. In the former
case the scattering field is a W or a Z, which are colorless, so one would expect a suppression
of large angle soft gluons. In the latter instead there is the interaction with gluon fields, so
one finds many large angle soft gluons, being thus able to distinguish experimentally the two
process.
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Chapter 7

Initial-state singularities

7.1 The naive parton model

7.2 The “improved” parton model

7.2.1 The Sudakov decomposition
7.2.2 The DGLAP equations

7.2.3 Leading-logarithmic resummation, Mellin moments
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Appendix A

Useful mathematical functions

A.1 The I' and B functions

The Gamma function is defined by

/ dre g1 Rez >0

0

I'(z) = © (C1)F 1 o 1 (A.1)
ZTk+z+/1 dre"x Rez <0, z# —n, n € Ny

With a simple change of variables x — x?

['(2) :/ dre “x* ! = 2/ dw e 2! (A.2)
0 0

It can be easily shown that

ra =1 (A.3)
r (%) _ (A4)
I'z+1) = z[(z) (A.5)

Using eq. (A.2) and changing to polar coordinates (z = rcosf,y = rsinf) we can write
F(a) F(b) — 4/00 dr dy e—wQ—y2y2a—1 2b—1
— / drr/ do e —r?2 plat+2b=2 (s n9)2a 1( 6’)2b_1
= / do (smé’)Qa ! (co s@)% ! 2/ dr e p2latb)—
0 0

/2
= 2/ d (sin0)** " (cos0)* ' T'(a + b) (A.6)
0
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Since dsin’f = 2sin 6 cos 0 df we can write

['(a)T'(b) _ /2 . 2a—1 261 L 90/ . 2 a—1 9\ b—1
F(a—+b) = 2/0 df (sin6) (cos ) = /0 d sin“f (Sln 9) (cos 9) (A.7)

Calling = = sin?§ we have

T(a) T(b)

—F(a ) = /0 de 2z (1 —2)"? (A.8)

We can define the “beta” function as

! 2 I'(a) (b
B(a,b) = /0 dr @Y (1 — o)t =2 /0 " d6 (sin )™ (cos ) = % . (A9)
A useful expansion is given by
2 2
F(1+E)=1—7E6+m62+0(63) : (A.10)

12
where vg = 0.5772157 ... is the Euler-Mascheroni constant.

A.2 The angular volume (); in d dimensions

In order to compute the total angular volume in d dimensions we proceed as follows. We
consider the integral

I= (/_OO dxex2)d: (V)" (A.11)

oo

and we rewite the lhs of the equation as

I :/ dxy d$2...dxde_(z%”%*"”ﬁ) = /de/ S (A.12)
0

—00

The r integration can be performed using eq. (A.2)

d
I=9Qy a 22) (A.13)
so that .
2m2
Q= (A.14)
r(3)
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A.3 The 6 distribution

La ¢ di Dirac ¢ una distribuzione (o funzione generalizzata) definita dal seguente integrale

(a < b)
b Zo a<x9<b
/ de f(x)0(x — xg) = { f@o) Sr0s (A.15)

0 altrove

dove f(z) & una funzione sufficientemente regolare nell’intorno di zo. Inoltre, zy deve ap-
partenere all'intervallo di integrazione. Altrimenti l'integrale & zero. Dalla (A.15) segue
immediatamente che

/dm 0z —mx9) =1 (A.16)

e, con un semplice cambio di variabili nell’integrale, che

da(z —x)) = ﬁé(x—xo). (A.17)

A partire dall’eq. (A.15), possiamo anche dare un significato alle derivate della delta. Per
esempio, integrando per parti (a < zg < b)

/dxf(a:)%é(x—a:o) = /da:d%j[f(x)é(x—xo)]—/ dxd{;;) d(z — xp)

= f(2)d(z — xo)[ - /abdm%é(m — )

_ /abdx T e — ) = - <%) . (A.18)

i

Quindi possiamo scrivere in modo formale

d d

—o(x — o) = —0(x — xo)— . A.19
(@ = o) = —b(z — w0) (A.19)
Le derivate di ordine superiore si calcolano integrando ripetutamente per parti, scaricando

una alla volta le derivate dalla § sulla funzione.

La funziona a gradino
Dalla definizione (A.15) si puo scrivere (a ¢ un parametro dato)

v 0 z<a
/ dyé(y—a):{ = 0(z —a) (A.20)

oo 1 z>a

chiamata anche “funzione #”. Derivando 'equazione si puo dare significato preciso alla
derivata di un gradino

d
%Q(x —a)=46(x —a) (A.21)
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Importante identita
Una relazione molto importante e la seguente

JUGQIEDY M , (A.22)

dove gli z; sono le radici (semplici) di g(z) nell'intervallo di integrazione.

“Rappresentazioni” della
In generale, ogni funzione “molto piccata”, normalizzata a 1 e con la larghezza che va a zero,
puo essere usata come “rappresentazione” della distribuzione 4.

1.
d(z) = 6lgnO R(x,€) (A.23)
dove
0 z<—¢
1
R(x,e) = — —e<x<e (A.24)
€
0 x>¢
2. .
sin ax
d(x) = ah_r)noo — (A.25)
3.
5(z) = lim + — (A.26)
Ce—o0 T a2 + €2 '
4. o
i(z) = ah_r)noo 7 exp(—a’z?) (A.27)
5. »
. sinfax
i(z) = ah_r}noo o (A.28)
6. ) ]
lim — = VP — —ind(x) (A.29)
e—0 T + 1€ x

dove “VP” indica l'integrazione fatta in Valor Principale, ovvero, se a <0 <be e >0

VP /ab du i fla) = lim {/_ da i F@) + /b do é f(a:)} (A.30)

a €

Esercizio: Dimostrare 'eq. (A.22).
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Esercizio: Verificare che le funzioni dall’eq. (A.23) all’eq. (A.30) sono normalizzate a 1.

Esercizio
Dimostare che ) ) 5 )
l—2—y 1
dr | dy T T A31
/0 ’ /0 Y ez +by)?  ab (A.31)
Esercizio
Dimostare che ) ) , 5 |
l—2z—-—y—=z 1
2 d d d = — A.32
/0 x/o y/o - (ax + by + cz)3 abc ( )
Esercizio
Dimostare che . . ) : )
(l—z—y—=z 1
6 d d d = A.33
/0 x/o y/o =Y (ax + by +c2)*  ab’c ( )

A.4 The dilogarithm function

The dilogarithm function is defined by

Lig(x):—/ogcdzM r<1, (A.34)

> =

and an immediate consequence of this definition is the following expansion in powers of €

1 1
/ dez 77 (1 —axz)’s = / dea™" 77 [1+ Belog(l —az)+ O (€7)]
0 0

1
= —— —BeLir(a)+ 0O () . (A.35)
Ve
It can easiky be shown that
¢ log(1
/ - 08 52) g (A.36)
0 z
One of the most used properties is the analytic continuation of the dilogarithm function
. . . 1 1 2 2 .
Lig (x £1in) = —Liy | — —Qlog x+§iz7rlog:c x>1, (A.37)
x

that can be demonstrated with the help of

log(—x £ in) =logx +im x>0. (A.38)
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In addition

1 148 1 5 1 148 Qa (v=B)e
dra Pe————— = (1 e dexz= 71— —1
/0 T Qoo (1+ ) /0 T < 1—1—0496) a>—1,
(A.39)

where we have used the projective transformation

X

— TTa(l—a) (A.40)

X
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Appendix B

A few radiative corrections

B.1 The vertex correction

X
00000000
1
<
-

Figure B.1: Vertex correction.

We consider now the vertex correction depicted in Fig. B.1. All momenta are incoming,
satisfying p* + p* +q* =0, p> =p? =0, ¢* = 2p-p' = s. We define the vertex correction
as (trivial color factors and coupling constants not included)

1
(k+p)2(k+p+q?*

Vi [ o (= ) 7 O+ ) au(e) (B.1)

(2

We deal first with the numerator, and we contract the index « in d dimensions. We obtain

N =0 (¥ =#) 7" H+P) vaulp) = (4—d)o@) #—p) 7" #+p)ulp)
—20(p") K+ )" (K —#) ulp), (B2)

that can be further simplified using

pulp) =0, o) =0, (B.3)
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to

N=o(p{2Q2-d) ¥+ [(d-2)k*+4(p-k—p - k—p-p)] ¥} ulp). (B.4)
The loop integration is performed in d dimensions, and we get
u 2 - d - 2 _ / m
Vi= |~ Bo(q) +(d —2)Bo(q) —4Bo(q) —2¢" Co(p,q) | v(p" )7 u(p), (B.5)
2—d ——— ——— —— —
¥ K2k (p-k—p'-k)y+ pp/yH

where By and Cj are the two- and three-point scalar functions (see Passarino-Veltman). We
can finally write

d(d —3) + 14 — 6d
d—2

i [ Bu(d) — 28 Colp. q>] o)1 ulp). (B.6)

This is a completely general expression that can be further specified in CDR and DR:

e CDR:d=d
V= [(d = T)Bo(a) — 26° Colp, )| o)1 u(p). (B.7)
e DR: d =1
Vi = Q(Qd__dl)Bo(Q) —2¢° Co(p, Q)] o(p") " u(p). (B.8)

The expressions for the scalar integrals in d = 4 — 2¢ dimensions are given by (¢* = s)

Bo(p) = Bols) (B.9)
Co(p,q) = Cols) (B.10)

where

1 e ime 1

By(s) = (4@2011 =20 (B.11)
Co(s) = (4;>20p8_1_66”6612 (B.12)

with
o = (4 (1=old+e) (B.13)

I'(1 — 2¢)
We can then write the QCD vertex correction for ¢g (color indexes ¢ and j) with a vector
particle, as

e CDR:

2\ €

w_so o (P s, f o2 3 s o 2 I
V 5@]CF(q2> 47TCF{ = 6—|-7T 8 + 9w ; 3| + O (e) ¢ v(p )V u(p)
(B.14)
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e DR:

2\ €
L Qs 2 3 2 .y
VH# =4 Cp <?> ECF{_E_Q__—HT —8+1+4im [—E—S]+O(e)}v(p)7“u(p)
(B.15)

Please note the difference of one unit (here written in red) between the two expressions in
curly braces.

The same results can be obtained if we first perform the loop integration and then we
contract the indexes in the corresponding space.

B.2 Radiative corrections to external heavy-quark lines

fQ’B’D’D’DDb
&
) tl (@a 2N

K h+l K]

Figure B.2: Quark self-energy 3;;(h).

In this section we describe how to treat loop corrections to external heavy-quark lines
and how to compute the mass counterterm. We follow the same steps described in Ref. [12].

The one loop correction to a quark propagator is defined as

ddl . via . € a _ig v
Eu‘(h) = / W (_ngﬂ Y t]k) %“’/l ( 1gsph 'VMtki) l—guv (B-16)

where the sum over repeated indexes is meant and p is the mass parameter of the dimensional
regularization, introduced in order to keep gs dimensionless. With a little algebra we have

2 Al A (] + i +m),
Zz’j(h) = _gguz ’ Cr 5ij/ (27T)d 12 [(h + l)2 _ mzlf

_ 2 2 2 il (2—d)(f+])+dm
= —ggl Cr 5@]/ (27.[.)d I2 [(h I l)2 _ mg]

= —gu* *Cr { [(2—d) Ji+dm] / (qud 12((h+ l1)2 —m?]

D f )
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In the last integral we can replace

h, 1 h
lu—>l~hh—g:§{[(h+l)2—m2}—h2—l2—|—m2}h—g,

and we obtain
Sij(h) = —gip* 7 Cr %{ [(2 = d) Ji +dm] Bo(h?)

b a2 -0 B —Ao<m2”}

2

— —g§M2€2CCF5ij{|:<_1+€_€_ (1—6+€)%
—i—ﬁ(l—e—i—e)A (m?)
h2 - 0 9

where

dl 1
Ag(m?) = [ — ——
o) = [ Gt

di 1 1
By(h?) = -
() /(27T)d 2 (h+10)2—m2’

and we have used d = 4 — 2¢ + 2.

We are interested in the expansion of ¥;;(h) around i = m

B0 = Sy, + (- m) T 0 ()
Using the identity 5 5
Il =h* = 210 =0n* = 8_h:2hW’
so that
0% (h) _ . 0%ii(h)
ol '%:m T T ane ‘%:m ’
and
3 = i cr (m?) " m? E €
Ao(m”) = (47)2 F( ) (€+1+0<)>7
2y _ ! cr (m?)™° ! €
By(m®) = (47)2 F( ) <6+2+O()) ]
aBo(h2) 1 1 1
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> B+ (4 — 2€+ 2¢) m} Bo(h?)

(B.19)

(B.20)

(B.21)

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)

(B.27)



we can write

Su(h) = —g2Cp— @(ﬁ?f%{[§+4+q7n+mf4m[—§—4—q}

(4m)? m? €
+0O ((—m)?)
= Gy |—idm —i (h—m)zq| + O ((h—m)’) . (B.28)

where

2 2\ €
_ % LAWK
om = (4m)? cr Cr (m2) L —1—4—|—1] m

2 2\ €
g 7 3
ZQ = — (4;)2 cr CF (ﬁ) |:Z + 4 + 1:| . (B29)

The full quark propagator at first order reads

iy

Go(h) %Zf”m + %qu:n Yr(h) F—m +0 (a2)
_ zéw 5 z5,k —idm ’Lékj O(h2 - mQ)
%_m(1+ Q)+%_m( ) )h_m+ — (B.30)

If we want that the pole of the propagator is not displaced by radiative corrections, so that
m corresponds to the pole mass definition, we have to add a mass counterterm to cancel the
second term of the above expression. For this reason, we define the Feynman rule for the
mass counterterm as the insertion, in the fermion propagator, of the vertex —i m,, where

2

2\ € 3
mcE—(Sm:—(fTS)QCFOF (%) {E+4+1} m. (B-31)

In this way, slightly off-shell, the quark propagator behaves like

i 6,
Galh) = 74 7. (B.32)
with ) N e
Zo =1 -5 o () [P B.33
e=ltz=lgmerCim) [cH4r]] - (B:33)
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Appendix C
Problems

1. Compute the self-energy corrections to a quark propagator of mass m at first order in
as. Derive the LSZ Zg and the mass counterterm.

2. Compute the self-energy corrections to a gluon propagator, due to a massive-quark
loop (quark mass m) at first order in ag. Derive the LSZ Z,.

3. Compute the collinear limit for ¢ — gg splitting (see fig. C.1) i.e. derive the singular
part of the square of the invariant amplitude when two collinear gluons are produced.

GH
Kk 6666
S
C 666{;1
000090000053
Okl Y
a

N
d\
D
0)\)

Figure C.1: Gluon splitting into a gg pair.

Check your answer against the following

SooAvAl, ~ g 4CH 3 — —2+1+L+Z(1—Z) Joo
ab 20 - k z 1—z 7

col,spin

kLoklU’ 9loo! ’
—2z(1-2)(1— — A% (t) Al (¢t
2= 21— [ R - e a0

Suggestion: please note that, in the collinear limit, the amplitude for the emission of
two gluons in the final state can be decomposed into two parts: the first one contains
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the graph where the two gluons are emitted by a single virtual one (see fig. C.1), and

the other one contains all the other graphs

PPy (s + 1)

A% = {Ag(z +k) (e

(—gs) fO T (—k, =1,k 4+ 1) + Rg‘g} eu(k)E, (1),

(C.1)

where a and b are the colour indexes of the final gluons, P is the spin projector of the
gluon propagator, g, is the strong coupling constant, ¢ are the structure constants
of the SU(3) gauge group, € and € are the polarization vectors of the final gluons, ['**7

is the Lorentz part of the three-gluon vertex
D=k, =Lk + 1) = (=k+1)7g" + (=21 = k)"g"" + (2k + 1)"g"7,
and the gluon spin projector is given by

e+’ _ oy

P77 (p) = —¢°7 + 97", with n”=0.
n-p

In addition, use the following Sudakov decomposition
ko= 2ttt + K
T e 78

with &k, such that
t-k, =0, n-k =0.

(C.2)

(C.3)

(C.4)
(C.5)

(C.6)

4. Compute the collinear limit for the g — ¢g splitting (see fig. C.2), i.e. the singular part

of the square of

1Py (k+1)

Ay = Ak + 1) =(E s

(k) (—igs’t5;) v(l)

(C.7)

where P is given by eq. (C.3) and t¢ are the generators of SU(3) gauge symmetry.

k

Cc
00000000Qf
O k¢ P

Figure C.2: Gluon splitting into a ¢q pair.

5. Following what has been done for the calculation of P,,, compute F,, and P,.
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S
P

Figure C.3: Heavy quark splitting.

6. Compute the Altarelli-Parisi splitting function Py for a final-state quark () of mass m
(see fig. C.3).

Suggestions: Start from the following

Ao(p) = M(p) Mo(p) = M'(p) (p+m) M(p) (C.8)

Alpk) = MI@RM(p.E) = g2 Cr s Milp-+4) N My(p k) (C9)
N = Y et [p+k+mly (p+m)ywp+k+m (C.10)
and derive
N z2(1—2z) p
A k) = 8tas =05 Pag Ao (Z) (C.11)
P = CF {iti B (12_Z<;)2_n;)ibki} (C.12)

7. Cosider the scattering of two protons at center-of-mass equal to v/S. After suggesting
a reasonably-simple and physically-sound form for the parton distribution function for
a u and d quark in a proton, compute the contribution from the ud scattering to the
total cross section for pp — ud + X at order o? in QCD.

8. Compute the first-order QCD corrections to the deep-inelastic process e”¢— e ¢ in
dimensional regularization.

Do the calculation both in the Lorentz and in the axial gauge. What can you learn
from this?
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