VI, The Sudakov Form Fackor 1w SCET

We now weturn to the coge of He off-ghell Sudalov
fore Yackor in QD
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P" 2
P (my=0)

Hos fie pu{orm'u,s He caleulokon tn SCET (omd wot
:anor:wa e nwwernbor feaus), We Hos evaluate Hee

quar  Leatn elewent

Cel@) <3(pa | (F5 W) (@) 8 (WE3,)(0) 19050
ot ou-toop ov&w, where Cv(Qt) = 1+ 0(as) I5 -‘-L-E.
Wawrd um!:c,uwi coefficient
Cou;mw Cou.{'r'tbu\—iouﬁ

The SCET Fequuan rules allow for o single owe-Loop
duograue:

(we work ’chma.u qorge T=1)
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{kl wc 10 (cf. p.c4)
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I{C we Ma-u'vpta aumerabor omd &MMM‘(‘D( '43 npy
We 30{':

W (ke py) . M- (kepq) RePa - 2K-Pyy + 2Py Pos
wk Wk nepa 2k pas

Apart frour Hee fachor 1k-p, 1w the wwesator (whicl
we had previously ;3noruﬂ’ the loop iutegrol coiucicles
wite e :d-e%ml, I, Wtor Hee collimear re_aiou ow page 33 .
Bualuakiug Hee Iw{'esml leads to:
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We work iw e M ochewe, where ttw—’ r’ze G

Au—l'\'- COUA:(ALQV (;oud-r'tkuh:oki

An oualogous calewlaton lecds 4o

- Cso

De = Walpy) ¥ ualpa) :1:5
2 2 t 2 2 kb t nt
= e b e AR “‘“%z*"'f]

Witva - soft cowtri butiow:

The SCET Teywmon rules eallow for o single owe-Loop
duograwe:
/‘A—

pavke A L0 k- (we work ?Lsuuua,u Joge Z= 1)
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Recall Heot Y- womeduue s nof couserved of these vechees.
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!
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Thas c.xpussion cotneides with the itd'egm‘, Tos gor e
ulbre - So@- rea;om ow paqe 26. Evd&diuﬂ Hee :ui'e,ard.
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Woave - funckion rewor walirahon:

.

1y,
Z, Zz Uzlp) ¥ w,a(pl)

!

Same as in QCD
T HSMA. fomge Hee WFR factor for am off-shell Qunrk

with wokewtuue prois: sone. Cowstait

21= { + Cgus(-l-'cu—é-c’/)

4x é -p-o

We +ws obtosn:

[t geng) <]
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el ¥ watp) { 1+ S8 4
Oue - Loop SCET wmatriy eleweut:

Ad,d,{us wp all picus, we Kud ot one- loop ovrder:
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This is o wadrix dewewt of o "\:Qra“ SCET operator,
which shll needs to be renormalived. The foct fhat He
coefficient of e e pole depends ow He collcuesr aud
witea-soft (and heuce low-euergy) scales appears 4o be
foublesowe of forst siald- , Siuce the coumierterus
rewoving the deverqences must be of OV nature. Ow
second ook, hopever, we see tuak

1 1 1l ?
lb\-ti»fv\t-ﬂw.fi = ,Qy\-l"'—z
Tr P2 (A Q

only depends ow the hard scale Q°! T# s Hus cousistent
4o iu’wfprd' these po(es ag OV o\l\ﬂg&c&s.

We defiue He vemorvalized SCET cuwrvent operater os:

,loa.m
Vo™ = 200 Via ¢
The watay dewewts of He renorsalized cwdedt opmd'ok
ore Llwte | e, free of e poles. T e HS schewe,
one Obtoins:

Ced 2 2 ¢ 3 3
ZV(F’) = 1+ L“j'cs [—'l' Z ew%*‘ E] + O’(ds)
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The wabix elewent of the renorualived curvent is Hew
3&\1&. \oz *
<4 | Vigr (o 1 900>

= "-*’a(Pz) Yf “v\(P4)

“{1+CF°‘$[£1_&+£W ’ehl'zL
4T Pr 7l Ay

X
%Zv\r— + —b\f— +8-c-%_]}

Dervvakon of twe Wilsow coefficient:

The wakching velakon for He renorwalived vechor
cwvend  talces Hee -Fovw:

\ﬂ“" —> Cv(Q rt) SCET((“‘
We cain derve the oue-loop expression for He hard
wakcing coefficient Cy(a)n) by cowparing +le
above vresult for He revorwalived 9SCET  watrix

denewr with the vewlt for fhe Sudakov forue
er " Qcd, which vreads:

<qp) | F¥M Y 190> = W) ¥T ulpa)
X {1 + Cros [_ Zev\— (u\—t +_(Qw?,+&ﬂ ) Z;Lz-c,”

4t |

+ O( C/Qz)




Moteling the two expressions, e Rud:

Coldhp) = 1+ S [_z£%+ 3laps -8+ ]

—  ouly A.epewis on havd scale @ v

Y. RG Evolution Eq,uo&iows

The ocale dependence of He rewovaived SCET curent
o perotor lo  dekermined ‘on e ddfferential !;Quahbu,z

rﬁ Vier () = - Fv(ﬁ’tr«) VE ()

reelly: n- Pz n P

Owe cam show +lat , Yo oll ordexs of perturloetion tueovy
the " &WOM&—LO‘%_A;W%{OW“ [V 15 givcvu BB:

% coefficient of Ve rale,
2 ) (R
r.v (Q, r..) = - stm ZV (f‘)
(see e.g. my Les Houckes lecfures i 1901. 065373 )

Using owr vesult frow above, we find ot oue-loop order:

V(@k) = - Ceats (Qui(% + %) + O(as)

T
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The appesrauce o? o Logo.,vfﬂdu o( /3 ol auowalous
dimeusion 5 o new feature of KET. Tt is character-
ke of Sudakoy problews, i which He perturbahbi
series Cowtains dwo powers of logarithues for eacle
power of Mg, Owe cam show Hak %o all orders:

MA@ R = - M) Gy + % ()

N

|
siuale, l»oé !

Frow the fack Hak dle vector corek o full QCD s

not venorwaWied  (Noeer's theoveu ) ik Heew .Yo(ipws
ok

/‘ﬁ [Cv((ﬁﬁ) V{:ET(M} =0
J

d v\ _ ¢ 2
/"F CV(Q)/»L) = [PMP(NS) Qw% + Xv ("‘5)} CV(Q)/")

(" renovualirakion- qroup e,}uqi{ow")

Pwsp s colled the ngh}- Like Clusp anousalous dimeusiow.
I+ 15 known to 4-loop order n QcD. The quachty ¥,
15 kuoww ok 3-loop ovder. Al l.e,a.r,uua order we (ave:

_ Cso _ 3 Cga
) = Sy () = -3 G
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The 3%.(,%[ solubion to the RGE (5

kel condiion”
Culah k) = €yl )

,L
et | ]S (log) e 8o log)
M

At the “ hadd watcluing scale /fh v @, He iwihal
Condihon CV(Q: }‘h) -fov e Wilson Coa{:ﬁuud' s ‘&‘we(
of lavge logarithws oud can be colewdated n',uaklg
u%'ms pertur bakiow -H'.eoku. For :us{m.a, with Pi= Q

we lhave:

1
Cul@p) = 1+ % (-3 +%) v 06

The oloove solubion cate teew be wsed {0 evolve He
Wilson coefficients 4o scales /u«Q i such a way
Hoat the Lcwje Loga.vH'l«lus

h, kKot
(Xsc.h.% . k< 2w
n J

ave vesunaed 4o oll onders 1w o,



IX. IDecouvaL3 of Witra- Soft Gluows

Wltra - soft 3(»0% cDo.p(e b collinear fwlls *Huouak He
erkonal wkerackow:

%, (0 % (1n9 ¢ g nAc() + §s neAug () E, ()

Ian wdo“ with HQE'\'J 1YY cou.puu.j can be reuwoved.
by a feld redefiuiton, i.c. /Wm

.00 —  Splx) Z:O)(“/

o +
At o — §,.(x) AE‘(:) S, (x.)

NL\LTC hote : nh,h_o" Wr '

/
5,00 = T axp dg, [t n{A%(HnU) (weskry

5 o. soft Wilson lvwe along Hee uau-- Loke direchion nlt
Note Heat Hilo has Hee forws of am wlhva-sofh Jouge
teawsforuakion wite Ustx) = S,(x). WUsing e property

(tned ¢ 9o nAuglx)) S (x) = S,(x) <D
whuch {:ou,ows -frow [13 u-Dus ,Sn(x)] = 0, owe ‘F'.'ub
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Fhat

n % ('W\ 9+ Qs - Ac(x) + Qs 0 Aus(x )) Z (x)

(o)

— 0L S0 Sk (ind e gonAYW) B ()

< )

= 0 W in- DO 57(x)

This fed redefuihon s rewoves e Glhe-soft
qluon feld froue He leading-oder SCET Lograngion !
The Sosae 4rick also works -?ov e pure g(n.ou."'em
i the lagraugion.

Tue “ulbra- soft decouplivg hausforuakion' s the key to
decving factorizakion theortnes (w SCET! Like iw HQET,
it does not iuply that wha-oft iwkerackious disappear
ewkively. Rather, it weaus Hat) as far os Helr
C«Dupuwis b wia- So“ S(MOVL (s ¥'¢ COM.CCO“ACA) collcuwear
packicles bebave Lle Light-Like Wilson Lines. Tie
uhra- soft qluous will veappear whew we cousider
extermal operators  (such ag cuwrewds ) bullt owt

of +wo or wmoe tqpes of cdlinear Lelds.
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For Hee Qxa.u.-.(:le oF He 2-jd' vechor c,u.weu:l-) He
decoupling Hrausformahon inplies:
Ty — C, (@) (T, W)@ 8L (W3, (o)
S Co(@) (FWD @ ¥ S-S, (6) (W5%) o)

decouplang
(oo -

essenger Huree decoupled sectors !

The Sudakov -\:ovw {o.c:l’or Hhew .gq_c}oritee, who ,Fou_r
dighuct o'oie,o’fs each chavacterized ‘ds a sma[c_ acale:

hard fuuckion
1et fuuckions

soft funchow

This 1s awn exauple of a _factorizakion foruwla.
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T e \°°“°""“3 oo leckeres we will deecuss s(ﬁeai{—(c
exauples of factoritation Hieovews for sole concrete

plysical processes.

To fwish off Huls lechure, lek me wote that the appearauce
of He fwo soft (ilsow Lines 1s respousible for te csp
anowalous diwewsion in the awowalous deweusion of ie
SCET cuwrveukr opevator:

t .
Sk Sh(O) = n 6 " O closed Wilsow Loop
bith o cusp at ¥ =0

with o.uzl,c_ g
v _
h°h
csh 8 = = o
\ln} rt

The quautity r'ml,(us) s reloted to the hie-like cusp
anowsalows dimeusiou , wiich we hawe discussed (w
He cowkext of HQET (see page 24), by:

Lim % Pcusp (“bne) = ru,.sp(“s)
0 e
O=v-v' for T
HaeT Light-Like cusp auoualous
Amewsion of SCET




