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VII The Sudakov Form Factor in SCET

We now return to the case of the off shell Sudakov

form factor in QCD

tq

194 IpitPry uP2
mi o

this time performing the calculation in SC Et and not

ignoring the numerator terms We thus evaluate the

quark matrix element

Cy Q q poll 5 We o 81 Wisn o q pl

at one loop order where Cv Q I Olds is the
hard matching coefficient

Collinear contribution

The SCET Feynman rules allow for a single one loop
diagram

y
k

1 Pa
we work inFeynman gauge 5 1

Pig c th
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We find

Dc f
dik
2nd Tn Pa

81 X in Ktp
2 ktpattio

5 Ktp
5 KIRI Patx igsta n't k tht t tht
a cap pop

UnCpe
t.pe

x gstb
AP 943

gab
T K Ktio

IW of p 64

ice g Iacp
ÉÉÉuncp T.hn

y f
dik n Ktp
251 Kt o KtpFt io to k

If we multiply numerator and denominator by n.pe
we get

T Ktp T Ktp n.pe 2KPat 2Pa Pat
T K Tok n Pz 2k Pat

Apart from the factor 2k Pat in the numerator which
we had previously ignored the loop integral coincides

with the integral Ic for the collinear region on page33

Evaluating the integral leads to
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Do Ta Pa 81 un pi Cfds45
x It ln t t lui t 2 en l t 4 YE

We work in the Ms scheme where pie pie 45 eete

Anti collinear contribution

An analogous calculation leads to

De Ta Pa 81 un pi Cfds45
µx E t enÉ t t lui lift 2 en p t 4 YE

Ultra soft contribution

The SCET Feynman rules allow for a single one loop
diagram

i
Patty

us
Patk

e

we work inFeynman gauge 5 1

p Ullyllle up

Recall that 4 momentum is not conserved at these vertices
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We find

and talk igstan
N it inktp gDus f

dik
2 2 Kt a ti o

x y inkttpiligstbnpnuncp.lt 943 Jabhttpal't i o k'tio

ice gs trip TIME uncpn in
x f
dik nope nope

251 K i o 2kt pit pit i o 2k Pat Piti o

2Pa Pat
k't i o 2k p pit i o 2k put Piti o

This expression coincides with the integral Ias for the
ultra soft region on page 36 Evaluating the integral
one finds

Dus Tn Pa 81 un pi Cfds45

L E E en Ma IPipe
en
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Wave function renormalization

Z Z an pa 81 un Pe

same as inQCD
In Feynman gauge the WFR factor for an off shell quark
with momentum pi is someconstant

Zg 1 t I E h Gio d

We thus obtain

Tale 81 un pi I t 91 I I I en t eng c

One loop SCET matrix element

Adding up all pieces we find at one loop order

q pa 5 We o 81 Wisn o q pi

Tn Pa 81 Un Pe

x i t Et en l tent en 1,1g t

evil t evil en5,9

enth t enth t 8 c
s
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This is a matrix element of a bare scet operator
which still needs to be renormalized The fact that the
coefficient of the e pole depends on the collinear and

ultra soft and hence low energy scales appears to be
troublesome at first sight since the counterterms

removing the divergences must be of UV nature On

second look however we see that

entf t en en 1519 In

only depends on the hard scale Q It is thus consistent

to interpret these poles as UV divergences

We define the renormalized SCET current operator as

VI
are

Z m VEetG

The matrix elements of the rewormalized current operator
are finite i.e free of Me poles In the MS scheme

one obtains

Zu y 1 Cfds
an ht enth t É 0 as
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The matrix element of the re normalized current is then
givenby

q Pa VIE Gu q pl

win pa 81 Un Pe

it en't tent en

enth t enth t 8 c
s

Derivation of the Wilson coefficient

The matching relation for the renormalized vector

current takes the form
I 8hY S Cr Q M VICETCM

We can derive the one loop expression for the hard

watching coefficient Cr Obu by comparing the
above result for the renormalized Scet matrix
element with the result for the Sudakov form
factor in QCD which reads

q pa 78141 q p aCpa 8 u pi

x i Zeng en leng ten 25 c

0 Pilar
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Matching the two expressions we find

Cu a p It Cfds en Y 3 eng 8 I45

only depends on hard scale Q V

TH RG Evolution Equations

The scale dependence of the renormalized SCETcurrent

operator is determined by the differential equation

MY VIE G Tu g M VEE y

really h Pe t Pc

One can show that to all orders of perturbation theory
the anomalous dimension Tv is given by

a
coefficient of Mepole

Tv Q m 2as I Zi y
see e g myLesHouches Lectures in 1901 06573

Using our result from above we find at one looporder

Tv Q n CII en 0 as
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The appearance of a logarithm of y in an anomalous

dimension is a new feature of SCET It is

characteristicof Sudakov problems in which the perturbation
series contains two powers of logarithms for each
power of us One can show that to all orders

Tv Q m Tous
p as

enth t Yu as

single log

From the fact that the vector current in full QCD is
not renormalized Noether's theorem it then follows
that

ME Cr Qb Yet M 0

H

MY Cv Qb Tiasp as eng t k as Cv Qin

renormalizationgroupequation

Tousp is called the light like cusp anomalousdimension
It is known to 4 loop order in QCD The quantity 8

is known at 3 Loop order At leading order we have

Tous
p as

Cfds 8 as EESI
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The general solution to the RGE is

CuQiu Cu a ya
c

initial condition

x exp
d

Tousplasgis en Q blast's
µMh

At the hard watching scale mix Q the initial
condition Cr Q ya for the Wilson coefficient is free
of large logarithms and can be calculated reliably
using perturbation theory For instance with M Q

we have

Cu Q pun 1 Cfds 8 I Oks
45

The above solution can then be used to evolve the
Wilson coefficients to scales MKQ in such a way
that the large logarithms

ashen KE 2n

are resumed to all orders in as

see second tutorial for more details
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II Decoupling of Ultra Soft Gluons

Ultra soft gluons couple to collinear fields through the
eikonal interaction

In x E in 2 gs n A x tgs n Aus x In x

In analogy with HQET the'scoupling can be removed

by a field redefinition i.e newfields

In x Snlx I 54 cx

Alex s Sulx ALI s x

where note uh not tr

Sulx I expfigsIdt i Aus x tht unitary

is a soft Wilson line along the light like directional
Note that this has the form of an ultra softgauge
transformation with Us x Sn x Using the property

in 2 gs n Aus x Snlx Su x in 2

which follows from in Dus Snlx o one finds
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that

In x I in 2 gs n Ac x t gs n Aus x In x

In x Stix Snlx in 2 gs n A x In x

Index E in D x E x

This field redefinition thus removes the ultra soft
gluon field from the leading order SCET Lagrangian
The same trick also works for the pure gluonterms
in the Lagrangian

The ultra soft decoupling transformation is the key to

deriving factorizationtheorems in SCET Like in HQET

it does not imply that ultra soft interactions disappear

entirely Rather it means that as far as their
couplings to ultra soft gluon are concerned collinear

particles behave like light like Wilson lines The
ultra soft gluons will reappear when we consider

external operators such as currents built out

of two or more types of collinear fields
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For the example of the 2 jet vector current the
decoupling transformation implies

I 814 Cy Q 5 We o 81 Wisn o

Cy Q 5ÉWÉ o 81 Silo Salo Wtsi o

e
r

E c e

I
l

decoupling

us

messenger three decoupled sectors

The Sudakov form factor then factorizes into four
distinct objects each characterized by a single scale

hardfunction
7

jet functions
c 7 get g e

Ille ell soft function
h

us

This is an example of a factorization formula
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In the following two lectures we will discuss specific

examples of factorization theorems for some concrete
physical processes

To finish off this lecture let me note that the appearance

of the two soft Wilson lines is responsiblefor the cusp
anomalousdimension in the anomalous dimension of the
SCET current operator

StaSnlo n I uh closed Wilson loop
with a cusp at o

with angle O

o

coshO yn

The quantity tousp as is related to the time like cusp
anomalous dimension which we have discussed in
the context of HQET see page201 by

lim t
o so

0 ÉÉ
Pcusa as

HQET light Like cusp anomalous
dimension of SCET


