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Effective Lagrangian of Soft Collinear EffectiveTheory SCET

Our goal is to construct an effective Lagrangian built

out of collinear anti collinear and ultra soft quark
and gluon fields and ghost fields but we will not
write them out explicitly Momentum conservation

allows the following interactions involving differentmodes

but not

451 451 gigs
forbidden hard interaction

É doggy
momentum not conserved

It follows that
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It suffices to study the Lagrangian of collinear and
ultra soft fields

Collinear quark field

The spinor of a highly energetic along z axis light
fermion satisfies

P us p m us p m a E p p

X us p 0 up to ME corrections

In analogy with Hatt we identify the large and small

components of such a spinor using projection operators

Pn ME Pa DX Pw 80Put80 Pa4

with

Put Pa X D 2h it 1
4 4

Pi Pu PE Pa Papa 0 Path
modes restricted to collinearregion

We define
In PuYi In PaYc

X In 0 En will describe a collinear
quark in SCETX Yu 0
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To derive the power counting in I we consider massless

fermion n ptf t.pk ta

Gt
e
it zip

ol t Yax Ecco o f dp p't ie
N I I I 1 d

Hence

y
ftp.xin.ph n Ilol'T EnixJuco lo f dp p'tie 2
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it in.phLol't Yn x Into lo
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2
v14

p't've
44 y yo

Lol't Enix Into 10 EI e it n'pi pay pan I

14
P'tie
I

It follows that largecomponents

y
smallcomponents

In N I Mn n d

Note that these rules do not agree with naivedimensionalanalysis

In analogy with HQET we will integrate out the small

components In and use the field In to describe a

collinear quark in SCET
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Collinear gluon field
general cov

The relevant two point function to consider is gauge

ol t AYYAYcos o off e
it idab

p't ie 9Mt 15 Ppp

44 52 T1 various scalings

It would be incorrect to work in Feynman gauge 5 1

and conclude that Alan X as suggested by NDA

Rather we need to decompose

A h Ac If IAct A

It follows from above that

lol't n Ack n Ac o lo off e
it dat

o i pity
p't ie

44 44 52 14
42

lol't a Ac x a Ac o lo off e
it dat

fo th Filp't ie
n yo 14 52

Lol't A A 613107 1 11 e pi gift 1 3 Ppt
I 44 52 y M

r 7 12
same

n Ac n N n Ac 1 AI I I
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This also works for the mixed terms e.g

01T n Ack i Ac o lo fogy e
it idab

p't ie
n I 44 52

x not e s hop tip
P2etc

I I 1
T2

We observe that the different components of the collinear

gluon field scale like the components of a collinear

momentum such that the covariant collinear derivative

i Di i am t gsAM ta n A1 R

has homogeneous power counting in X

Important note

The presence of a field with unsuppressed power
counting I Acn 1 is worrisome since this will

lead to an infinite number of operators with
the same power counting in the EFT We will see

the implications of this observation later

LL
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Ultra soft quark field

Wehave

01T Gus x Fusco lo HI e
ik ik

k't ie
n d

18 y 42
This gives 14

Gas n 13

There are no large or small components in this case

Ultra soft gluon fields

We find

Lol't Aisch Autio o 4,4 e
it

gmt 1 Ek
18 54 1 do

14
This gives

Alin y

In the following we will derive the effective Lagrangian

of collinear and ultra soft fields focussing on

the Dirac Lagrangian The Yang Mills Lagrangian
can be discussed in an analogous way
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Introducing the decompositions

4 Yo t gus In t In t Gus

Ar s AI t Als

in the Dirac Lagrangian we obtain

R N N n I I
T D 4 s EntEntEas iPotus ButMntGus

where

in Do gst us ki Iet us in Do t gs n And I
I I

i Dlt t gsHis

01141 InE in Dot gsn Aus In In tf in Dc In
In iDlt yn EniDot In

0115 Ings utsYu t Fusg et En't justgsnAchu th c

In the 0115 Lagrangian we have used that terms

involving only a single collinear field are not allowed

by momentum conservation Note that all terms of
Ocn and higher contain at least one ultra softfield
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From now on we focus on the leading order SCET

Lagrangian

Lscet Lo t L us t Letus
with

Lc Intf in Do n t tu tf in Dc In
In iDltyn EniDot In pureglueterms x1

Lotus In gs n Aus In pureglueterms n d

Las Eas iDus fus pureglueterms n 18

The leading order action is

Sscet Jdx Let Lotus folk Las n I
g
4 If g

8 48

since the field In contains the large components of
the collinear spinor field we can use it to describe
collinear quarks and integrate out the power
suppressed field yn in the generating functional
Like in HQET the functional determinant is just an
irrelevant divergent constant The resulting Lagrangian

L



is obtained by using the solution of the classical
equation of motion

Sfc

gyu
0 E in De Yu t iDt In 0

1 I a 42

regulator is to obtain

KY in Dot is an E iDdEn
w

replaceby PatPn 1

T vanishes whenacting on Yu

1
In in p ti g ti DdEn

Je I
arbitrarysign sincepole is anphysical

It is instructive to compare this to the corresponding
expression in HQET

Hr 2ma iv D
i Dst hw p 16

1 A

In that case the inverse differential operator could
be expanded in powers of iv Ds ma Old In the

case of SCET such an expansion parameter is lacking

L
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Inserting the above solution into our expression for
Lo we find

1
Lc Intf in Do n Ini DotE i a patio

i ÉEn

pureglueterms

The inverse of a derivative is an integral but what

is the inverse of a covariant derivative

To define the above expressionproperly we introduce

the collinear Wilson line largecomponent light likedirection
FAe N TM

0

We x I exp igsfdtn.tt x til

This is analogous to the definition of the soft
Wilson line in HQET see p 211 It follows that

in Do We x 0

in DoWe x dc x We x in 2 do x
T

arb function of
collinear fields

l
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As a differential operator it follows that

WI x in DeWc x it 2

This in turn implies

1 1

in Dot is
We

in at is
Wet

proof apply Wet in De We on bothsides

The second term in the Lagrangian can now be

written in the form

I
Ini DotE i a patio

iDdEnix

In iDldWe in is
WiiDotsuCx

IniDatwe x I i fat WiiDotsu xtta

check
tf

in 2x l i Idt f x ta 5 2x Idt 4 Ent att n

Tin x x
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Note that the lower integration limit o is appropriate

for our choice of the is regulator If the collinear

fields WiiDotsu x tta carry total momentumPo
then the t integral gives

regulator to ensure
C it Idt e ite x ta

convergence at t s a

e ite xhi e spox Idt e
tis t

a pet is

This indeed corresponds to the action of the inverse
differential operator

in glig e
ite x

This leads to the final form of the leading order SCET
Lagrangian

Lc x Intf in Do n x

O

IniDatwa x if dt WiiDotsu x tta

pureglueterms
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Coupling to ultra soft gluons

Besides the collinear Lagrangian the leading order set

Lagrangian contains interactions of collinear fields with
the component n Aus of the ultra soft gluon field

Lotus En É gs n Aus In pureglue terms

Let us look at the structure of these interactions in
more detail

Po pi
M N S 7 Alex

G n Kus

É r suppressed compared

with collinearmomenta

In the method of regions it is important that we
expand the Feynman integrands consistently to

leading order in R This means that we should

expand
I N I N I N

Pile pit Kats n peth Kas I E Peth kus M t PottMust

h Peth Kas ht t.peM t Poi t higherorders
p

mustexpandpi t kist Kt E nk I
away
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This implies that 4 momentum is not conserved at the

vertex

Po s a Pi Potkast

Kus

To implement this rule at the Lagrangian level we

must perform a multipole expansion of the ultra soft
fields whenever they interact with collinear fields

xt nex NI t F x Y XI

TE It xi
1 t t c in interactions
since x.pe 1 withcollinearfields

I I
bus x Gus x I t Xt 2 bus x I

Xt 2 II 212 dus x 1 t
1 N a 2 I N

generates series of higher order terms in R

At leading order in R the correct form of the effective

Lagrangian thus contains

Lotus x In x I gs n Ausd Sulx pureglue terms
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For the vertex shownabove the action folk Lotus x
generates

fay e
pix pox III E n Kus x Kast

got ei pix Pax Kast x
an g pi Po Kast

Leading order SCET Lagrangian

Collecting our results and adding back the anti

g

collinear sector we obtain

Lscet In IT in Do n x

O

IniDatwa x if dt WiiDotsu xtta

same with nest c ee Le

t Fus iDusGus x us

In x If gs n Aus x I u x Lotus

In x I gstAus Xt Sa x Lotus

pureglueterms same structure
as above

Note the important fact that ultra soft quarks
do not interact with collinear fields at leading order
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In principle it is possible to go to higher orders in

the expansion in R a topic of intensive current
research but we will focus on the leading terms

in this course

WEpay I vi p
Feynman rules

c
in P I Ph pÉ o

Put
P

Y n p t.pt pi ti o

µ a

c

p k
Gst n E

momentum not
conserved

p

ma

E
e
p

s a igsta n In Pit
a pit

EM Pip
p ni p n p top 2

Give
p p

c complicated

plus pure glue and ghost vertices

Due to the presence of the Wilson lines there are
vertices involving any number of collinear gluons


