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Abstract

We discuss restrictions on operators in the soft-collinear effective theory (SCET) which follow
from the ambiguity in the decomposition of collinear momenta and the freedom in the choice of
light-like basis vectors n and 7. Invariance of SCET under small changes in n and/or 7 implies
a symmetry of the effective theory that constrains the form of allowed operators with collinear
fields. The restrictions occur at a given order in the power counting as well as between different
orders. As an example, we present the complete set of higher order operators that are related to

the collinear quark kinetic term.
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Strong interaction processes involving highly energetic particles can be described within
an effective field theory framework known as the Soft-Collinear Effective Theory (SCET) [,
B, B, @ll. SCET has been used to simplify proofs of classical factorization theorems [f,
provide the first all-orders proof of factorization in B — D decays [ff], and facilitate the
resummation of Sudakov logarithms in B and Y decays [, f, [

Suppose a set of light hadrons are created in a hard-scattering process. The hadrons
are assumed to have a large energy () > Aqcp, and invariant mass ~ Aqcp. To a good
approximation each light hadron is composed of constituents nearly collinear to a light-like
vector n. To decompose collinear momenta it is necessary to define an auxiliary light-like
vector for an orthogonal direction, 7, such that n-n = 2. If for example, n is along the
positive z-axis, n* = (1,0,0, 1), then one could choose 7* = (1,0,0,—1) or equally well
n* = (3,2,2,1). Since the perpendicular size of the hadron is ~ 1/Aqcp the momentum
P* of a collinear constituent is (n - P,ii - P, Py) ~ Q(\,1,)), where A ~ Aqcp/Q. This
scaling holds for either choice of n above. The SCET provides a systematic way of dealing
with the disparate scales Q > Aqcp > (Aqep)?/@Q. The momentum P* of a fast particle is
decomposed as the sum of a large momentum p* with - p ~ X% p/ ~ X\, and n-p =0 and
a smaller momentum k* ~ \%:

n woogn n* i n
Pt =p"+k :771‘(29+k)+7n‘k+(p¢+k¢)- (1)

The large momentum p is treated as a label on collinear fields, and the small residual mo-
mentum k is associated with the spatial variation of the fields. In this paper we show that
requiring invariance under the ambiguity in the decomposition in Eq. ([l) has important
consequences for collinear operators in SCET. As examples, we show that this reparame-
terization invariance places important restrictions on the form of the leading order collinear
quark action, and fixes the anomalous dimensions of an infinite class of subleading terms.

The decomposition in Eq. ([) is similar to the one in heavy quark effective theory (HQET).
In HQET P* = muv* + k*, where m is the heavy quark mass, the velocity v* labels HQET
fields h,(z), and k" is a residual momentum picked out by derivatives on h,. The ambiguity
in the decomposition of P* leads to a reparameterization invariance [§]. This symmetry is
the remnant of invariance under the Lorentz generators v, M*” which were broken by the
introduction of the vector v,, (for the rest frame these generators are the boosts M% = K*).
Requiring that physics is invariant under the simultaneous change

vu—>vu+%, k,—k,— A, (v-A=0) (2)

gives useful constraints on the form of the HQET Lagrangian and currents [§, @, [0, [, L2,
I3, [4].

In SCET reparameterization invariance is more involved, because the collinear momen-
tum decomposition in Eq. () has a more complicated structure. In particular, HQET
reparameterization invariance only connects operators appearing at different orders in the
1/m expansion, while we will see that the counterpart in SCET also constrains the form of
operators appearing at any given order. From Eq. ([) two types of ambiguity are:

(a) The component decompositions, 7 - (p + k) and (p/| + k'), are arbitrary by an order
Q\? amount, and any decomposition should yield an equivalent description.



(b) Any choice of the reference light-cone vectors n and i satisfying
n?=0, n? =0, n-n=2, (3)
are equally good, and can not change physical predictions.

For type (b) the most general infinitesimal change in n and n which preserves Eq. (B)) is a
linear combination of
Ny — ny + A

Ny — Ny, ny, — (1+a)n,

(11) (I11) (@)

— — — — J_ — —
Ny, — Ny, Ny — Ny + ey, n, = (1 —a)n,

(D

where {At, et, a} are five infinitesimal parameters, and fi-e+ = n-et =n-At =n- A+ = 0.
Invariance under subset (I) of these transformations has already been explored in Ref. [1T],
and used to derive important constraints on the next-to-leading order collinear Lagrangian
and heavy-to-light currents. Here we explore the consequences of invariance under the full set
of reparameterization transformations and extend the analysis of class (I) transformations
to higher orders in A. In particular we show that the transformations in classes (II) and (I11)
are necessary to rule out the possibility of additional operators in the lowest order collinear
Lagrangian that are allowed by power counting and gauge invariance.

As might be expected the collinear reparameterization invariance is a manifestation of
the Lorentz symmetry that was broken by introducing the vectors n and n. Essentially
reparameterization invariance restores Lorentz invariance to SCET order by order in A. The
five parameters in Eq. (f]) correspond to the five generators of the Lorentz group which are
“broken” by introducing the vectors n and n, namely {n,M"", n,M*""}. If the perpendicular
directions are 1,2 then the five broken generators are QF = J; = Ky, Q = Jo+ K, and K.
The type (I) transformations are equivalent to the combined actions of an infinitesimal boost
in the z (y) direction and a rotation around the y (x) axis, such that n, is left invariant
with generators (Q7, Q3 ). Type (II) transformations are similar but (Qf, Q) leave n,
invariant, while transformation (III) is a boost along the 3 direction (K3).

In SCET one introduces three classes of fields: collinear, soft and ultrasoft (usoft), with
momentum scaling as Q(A\?,1,\), Q(\, A\, A) and Q(A\%, A2 \?), respectively. For our purposes
the interesting fields are those for collinear quarks (&, ,), collinear gluons (A, ,), and usoft
gluons (A,). At tree level the transition from QCD to collinear quark fields can be achieved
by a field redefinition [

v =L e |i4 o7 8 e, )

p

where the two-component collinear quark field &, satisfies [[I]

Pt

The covariant derivatives are further decomposed into two parts, D* = D¥ + D where D#
and D¥ involve collinear and usoft momenta and gauge fields respectively. To distinguish



the size of derivatives it is convenient to introduce label operators, P and P, , which pick
out the labels of collinear fields [J]. For instance, P¢,,, = - p&, . The label operators allow
sums and phases involving label momenta to be suppressed. Under gauge transformations
the usoft gluons act like a background field and collinear gauge invariance ensures that only
the linear combinations [f]

in-D,=P+gn-An, iD; =P+ +gA, in-D=in-Dy+gn-Ang (7)

n7q7

appear. Each term in Eq. ([]) is the same order in A. It is often convenient to swap the order
A field 72 - A, ,(z) for the Wilson line

W= Y e (- Zadu) )] == _1Dc Pl. (8)

perms

where the differential operators do not act outside the square brackets, and [inn - D, W] = 0.
Now consider the constraints imposed by reparameterization transformations of type (a)
in Eq. (). These act only on the components of label momenta, so

gn,p(x) - eiﬁ'x 5n,p+ﬁ(z) ) An,q(z) - eiﬁ'x An,q+ﬁ(z) ) (9)

where the label and phase changes compensate each other. Expressed in terms of P* =
sntP + P!, and i0), the transformation in Eq. (J) essentially causes

Py — Pu+ By, 10, — 10, — By, (10)

with 5, =n-fn,/2 + Bj. This implies that reparameterization invariant operators must
be built out of the linear combination P, +i0d,. Usoft gauge invariance forces id, to appear
along with an usoft gauge field in the combination 0" + gA#. Furthermore, from Eq. ([])
collinear gauge invariance forces collinear fields to appear along with P, and n-9. Thus,
reparameterization invariant operators should be built out of

D' = DV + DV, (11)

Since the components of D. and D, scale in different ways we see that Eq. ([LI]) connects
operators at different orders in A. It is important to note, however, that factors of D¥ can
also appear by themselves (when the 0, acts on non-collinear fields). An example is the ),
in the usoft quark Lagrangian. Eq. ([[I]) is analogous to the fact that reparameterization
invariance in HQET forces v* + iD* /m to appear together [§].

The ambiguities of type (b) give more interesting constraints on operators. The trans-
formations (I,IT,III) change the decomposition of any vector or tensor along the light-like
directions. For example, for a vector

n” rﬁu
V“z;ﬁ-VvL?nW/—i—Vf, (12)
the components transform as

I Al n*
(v, mv V) = (nV At v v, v - ey - Ak,

I el nt
(v, mv V) 5 (nV aV e v, V= Sy = e,
(v, v, V) S (nV4anV, mV —anV, V). (13)

4



Type (1) Type (1I) Type (I1I)
n—n+ AL n—n n—-nt+an
n—n n—n4et n—a—an

n-D—=n-D+AL.DL n-D—=n-D nD—=nD+anD
1 1 At— ﬁ# 1 L 1 1 Eﬁ M 1 1
DM%DM—Tn-D—TA D DM%DM—Tn-D—Ts-D Du—>DM
n-D—>n-D n-D—n-D+et-Dt D — aD—anD
& = (1+ 447 & & — (14355 P ) & £ = £n
W W W (1= 5l - DHW] W W

nD

TABLE I: Summary of infinitesimal type I, II, and III transformations.

These results are easily derived by demanding that the vector itself remains invariant, V# —
V#. These transformations apply to all vector components including those of the covariant
derivative D*. Due to the projection operators in Eq. (f]) the transformations also effect
collinear spinors. To derive the spinor transformations we first equate the decomposition in
Eq. (B) before and after the reparameterization transformation,

Z o [1 + % f)s ]gn,p Z e W' [1 + = D’ D/ %/] npo (14)

p

where the primes denote quantities transformed under (I), (IT), or (III). In each case multi-
plying both sides by the transformed 17 /4 projection operator then gives an expression for
np 0 terms of &, ,. We find

6 1 (14594) 6 (15)

1 1
bn — (1+5 ¢iw—p7pl) n (16)
& — & . (17)

Finally, we consider the transformation of the Wilson line in Eq. (§). From this definition
we see that W is invariant under type (I) and (III) transformations. The transformation
of W under (II) can be derived by noting that [n - D.W] = 0 implies 0 = d[n - D.W] =
[0(n - D)W+ [n- D. W] which we can solve for dW to find

w - n% eLDW|. (18)

For easy reference a summary of the most commonly used transformations is given in Table [I.
Requiring invariance under the transformations in Table [| places important constraints
on collinear operators. In particular some classes of operators are ruled out, while others



have coefficients whose matching and anomalous dimensions are related to all orders in
perturbation theory.
For the purpose of power counting we take

AJ_N)\, EJ_N>\0, OéN)\O, (19)

and then demand reparameterization invariance order by order in A. The scaling for the
infinitesimal parameters is assigned to be the maximum power that leaves the power count-
ing of the collinear momentum components intact. This means that only transformations
that leave collinear fields collinear are considered. For example we do not consider large
longitudinal boosts ~ 1/\ that could turn a collinear momentum into a soft momentum.
For A we see from Table [| that the n and &, transformations are suppressed by A, while
the transformation of n - D and D+ include homogeneous terms. By homogeneous we mean
the same order in A as the untransformed operator. For D, the term 3a*A,-D+ ~ X? is
smaller than Dj ~ A. For e, the transformations of &,, W, and n-D are suppressed by
A. The D+ transformation involves a homogeneous term, as well as a term suppressed by a
single . Finally, the type (III) transformations are completely homogeneous. Note that the
homogeneous terms can induce constraints without mixing orders in the power counting.
This occurs for all type (III) cases as well as for any leading order operator involving a
quantity with a homogeneous term in its type (I) or (II) transformation.

In the remainder of this Letter we present the implications of the symmetry transfor-
mations (I)-(III) for the operators in the collinear quark Lagrangian. The leading order
Lagrange density in the collinear quark sector can be obtained by tree level matching and

is given by [B, B

_ 1 775
Lo=E& n-iDy+gn- A, + (P, + gd)=———(P, + g45) ¢ = &0 20
o= {neiDut g Aut (Pt od) e (P adD [ 6 @)
where £, ~ M. As discussed above, invariance under collinear label reparameterization
forces the collinear derivatives in SCET to appear with the ultrasoft derivatives. Therefore
the Lagrangian (R() is just the first term in the expansion of the manifestly reparameteri-
zation invariant Lagrangian obtained by replacing the collinear derivatives with D

L=, %4@%7&#@7&}%@. (21)

Expanding the derivatives D in powers of A, one finds that £ = Lo+ £ + Lo+ - - -, where
the terms £; scale like A*™. In particular, the next two subleading terms in the Lagrange
density are

1

£ = & il it il i | B (22)

n-iD, 2
_ 1
£2 = gn {Z%

) . 1 1 7
z’Dcle’j_Z%ﬁ.iDcn'ZD“ﬁ.z’DcZ]pé}§§”'

n -

The expressions in Eq. (B9) agree with the tree level matching result. The reparameterization
argument shows that these terms are connected to the leading order Lagrangian. Thus, their



structure is determined by L, to all orders in perturbation theory and they have no non-
trivial Wilson coefficients.! This result for £; agrees with Ref. [[5], while the structure of
Lo (and all higher terms in the expansion of Eq. (B1])) are new.

The observant reader will have noticed that the reasoning in Eqs. (B0]) through (PJ) relies
on the fact that Eq. (PQ) is the unique lowest order Lagrangian. In fact using only collinear
gauge invariance the operator appearing in Eq. (B0) is not the most general allowed operator.
For instance both

O, = & i) iD* i &n (23)

2

L e
ﬁ-z’DcwcL§§"’ O2 =& iDoy 555,
are collinear gauge invariant, but only O; was included in Eq. (BJ). Even if only O; is
present at tree level, the other operator could in principle be induced through radiative
corrections. The presence of Oy at leading order in A would be a concern, since it would
imply that the collinear quark kinetic Lagrangian can only be defined order by order in
perturbation theory. However, it is easy to show that O, is ruled out by invariance under
type (II) reparameterization transformations in SCET. We will present this in some detail
before extending the basis in Eq. (B) to the most general set of gauge invariant operators.

To see that class (I) is not sufficient to rule out O, note that since ¢y [7#&,] = 0 we have

Here 01y0; 2 and O, 3 are the same order in A\. Now at this order we also have

i 7
2 2
This shows that reparameterization invariance of type (I) ties the first two terms in Eq. (20)
with the third one. However, as far as transformations of type (I) are concerned we could
replace O; in Eq. (20) by O, and still leave £, invariant.

For a type (II) transformation we begin by noting that for any scalar operator in the single
collinear quark sector the terms homogeneous in A\ vanish identically. This follows from the
fact that the index on D' is contracted into another perpendicular vector, and that the
transformation for 7# is subleading except for when it is contracted with ~,. As discussed
in Ref. [ff] a complete Dirac basis for these bilinears is ii, 775, and #y. However, if 7 in any
of these Dirac structures is transformed the resulting structure vanishes between ¢, fields.
This implies that as far as the collinear Lagrangian is concerned we can impose invariance
under the remaining type (II) transformations order by order in A without worrying about
connecting terms of different orders. In general this need not be true for currents.

Making a type (II) transformation one finds that the change in the first term of the
effective Lagrangian in Eq. (B0) is

) g’n-mﬁg =&, | iDF ! —Ln-z'DjLn-iDﬁ L i) ﬁg (26)
(I Sn 9o S\ 5D, 2 2 n-iD, "¢ ) 25

I In principle the above results do not rule out the possibility of additional terms in the power suppressed

collinear Lagrangians which are reparameterization invariant all by themselves.
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This variation is exactly canceled by the change in O; coming from the iJ)- factors. The
remaining variation in O is from the change in the &, fields and in the 1/n-iD, factor, thus

o
: Z,DCMDCL (27)

1

1 . i
L A

-0t _ 1 #
oanO1 = —dqan &un - 1D —§n + &n D — D 71%_
_ZW

Z@L +1
= —ban) &n - 1D ggn-

5J_ZD

On the other hand, the variation of the D, ’s in Oy gives terms with e*- D} which can not
cancel the variation of the in'D term. Furthermore, for O, the terms analogous to the ones in
curly brackets in Eq. (1) do not vanish because the first and third terms from the variation
of £ do not cancel against the term from the in-D variation. Thus, O, is not allowed in the
leading order effective Lagrangian by reparameterization invariance of type (II).

We now proceed to a more general analysis of the complete set of gauge invariant operators
in the collinear Lagrangian up to A*. A special feature of SCET is the presence of the
dimensionful collinear covariant derivative n-iD, = P+ gn- A,, which scales like \°. Because
of this operator, dimensional analysis and gauge invariance are not sufficient to completely
constrain the operators that appear at a given order in A. Since we require two &, fields the
operators in the Lagrange density start at order A\2. At this order gauge invariance allows

However, invariance under transformation (III) requires that each time 7 appears in the
numerator it is accompanied by either an n in the numerator or a factor of 7 in the denom-
inator. Thus, the Lagrangian in Eq. (2§) is not allowed by type (III) reparameterization
invariance. At order A\* the only way to construct an operator is with one factor of D/ .
Since the Lagrangian is a scalar this index must be contracted with an object that will not
increase the power of A, which leaves &,ji,&,. However, this operator is also ruled out by
type III reparameterization invariance.

At order \* there are infinitely many operators allowed by gauge invariance and invariance
under (III):

g =gole. (29)
where
Z O+ Y (saS™ + taT™), (30)
a,b

and the operators 0% 8% and T are
1 1

Oa = N“(nZD)m + m(n'iD)NQ, (31)
a a 1 . a

S b — N ij_ Na+b+1 ZpJ_Nb + szpj_ Na+b+IZ@J-N
ab a 1 arb b 1 ara

T = N ZDiNaerHzDMN +N@DiNa+b+1zDMN )



To simplify the formulae we have defined N = 7 -iD. The operators 0%, 8% and T are
Hermitian so the coefficients c¢,, s, and t,, are real numbers. Since [iDi,iDi] = 1ig Gf
and [N, D" | = ign,G", any operator that is order A\* and contains a collinear gluon field
strength can be reduced to a linear combination of those in Eq. (BI)).

The variation of Eq. (9) under the transformation (II) is given by

5(11),66 = fn (11) O+ z@ﬁl—o + O—f‘l@l %fn (32)

Most terms appearing in Eq. (B9) will not be invariant unless the operator coefficient is set
to zero. First consider the variation of S%:

5(11)5ab = [5(11) NPy ﬁi@ﬂ\ﬂ’ + NP, #Zpl [5(11)Nb] (33)
—%N%n-m Ve PLN' — —N%pl Naim i#'n-iDN’
+ NP, [@mﬁ} iDL N + (a < b)),
where for positive a
SayN® = e - iD*N*' 4 Ne- - iD*N*? 4+ ..+ N 'e- - iD*, (34)
S ]é = —%e#uﬂ% - %EL z'DLNi_l — = %el-ﬂ)i%.

The vanishing of Eq. (B2) requires 01O to consist of operators in which 7~ appears all the
way to the left or all the way to the right. Except for the case a = b = 0, the operators
appearing in 5(11)8“b are not of this form. These operators cannot be canceled by variations
of O or T since the latter have a trivial Dirac structure, while the operators in 5(11)S“b
do not. Thus invariance under (II) requires s,, = 0 except for sgg, which will be set to 1/2
once the normalization of the free quark kinetic term is fixed.

The above analysis implies that

0= z'ZDL%i@L + O, (35)

where (' contains contributions to O from the operators O% and 7. Inserting this into
Eq. (BY), one finds after some algebra:

/ - . 1 . / . ]- .
dan Ly = &n |0any O + Z@LgfLﬁ((’)’ —n-iD) + (O — n-zD)ﬁQfLZ@L %ﬁn : (36)

The terms involving 61y’ and #*- must vanish independently since they have different Dirac
structures. Thus, O' = n - D and 6O’ = 0 which together imply o)Ly = 0. Thus, repa-
rameterization invariance of type (II) and (III) require the Lagrangian to be Ly to all orders
in perturbation theory. Since the free quark kinetic terms come from L, the normalization
of these terms is entirely fixed and they cannot acquire an anomalous dimension. This com-
pletes the proof that the result in Eq. (BI)) is the most general reparameterization invariant
collinear quark Lagrangian whose expansion starts out at order \*.
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In this paper we have used reparametrization invariance to constrain the form of the
collinear SCET Lagrangian. An important result of this paper is that the form of the leading
Lagrangian is uniquely determined by gauge invariance, reparameterization invariance, and
tree level matching. Reparametrization invariance was also used to identify the complete
set of subleading operators containing usoft gluon fields which are related to the leading
order Lagrangian, and therefore are not renormalized to all orders in perturbation theory.
We have not been able to construct subleading corrections to the two quark sector of the
collinear Lagrangian which are by themselves reparameterization invariant. An important
open question is whether such operators exist. If not, then reparameterization invariance
would uniquely determine the SCET Lagrangian in the two collinear quark sector. It is
of course possible to write down operators coupling to external currents which involve one
or more collinear quark fields and receive nontrivial renormalization. Examples include the
heavy to light currents ([, B, [A] and deep inelastic scattering [[]. The anomalous dimensions
of these operators can be used to sum logarithms involving ratios of the hard and infrared
scales.

An application of reparameterization invariance which we have not considered in this
paper is matching and anomalous dimension calculations for operators. For processes with
energetic hadrons a local QCD current matches onto an infinite series of operators in SCET.
Reparameterization invariance can be used to derive relations between Wilson coefficients
of different operators in this expansion that are valid to all orders in perturbation theory
much like the relations for heavy-to-heavy currents in HQET [f]. In SCET relations have
been derived for heavy-to-light currents in Ref. [[J] using the type (I) transformations. It
would also be interesting to extend these calculations to include type (II) transformations
as well as currents composed entirely of collinear fields. The latter should have applications
for the calculation of power suppressed cross sections in high energy processes.
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