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I. The Kb~eu~atics of an Electron with an Axis. 
By L. ]:[. THOMAS, B.A . ,  Trinity College, Cambridge * 

Introduction. 

I T seems that Abraham ¢ w-as the first to consider in any 
detail an electron with an axis. Many have since con- 

sid~red spinning electrons, r ing electrons, and the like. 
Compton :~ in particular suggested a qnantlzed spin for the 
electron. I t  remained ibr Uhlenbeck and Goudsmit § to 
show how this idea can he used to explain the anomalous 
Zeem.m effect. '[he assumptions they had to make seemed 
to lead to optical and relativity doublet separations twice as 
large us those observed II. 

The purpose of the following paper, which contains the 
results mentioned in my recent letter to ' Na tu re '  ¶,  is to 
investigate the kinematics of an electron with an axis on the 
basis of the restricted theory of relativity. The main fnct 
used is that the combination of two "Loren t z  transforma- 
tions without rotation " in general is not of the same form 
but is equivalent to a Lorentz transformation with a rotation. 

The physical interest of the result obtained is that  it  shows 
that Uhlenbeck and Goudsmit's assumptions really lead tc~ 

• Communicated by Prof. N. Bohr, Ph.D., LL.D. 
t M. Abraham, Annalen der ~hysik, x. p. 105 (1903). 
1: A. K. Oompton, aourn. Frankl. Inst. Aug. 1921, p. 145. 
§ Uhlenbeck and Goudsmit, £Vaturwissenschaften, Nov. 20, 1925~ 

p. 953; 'Nature,' Feb. 20, 1926, p. 264. 
I] See also: Urly and Bichowski, Prec. Nat. Acad. of Sciences, xiL 

p. 80 (1926). 
¶ ' Nature,' April 10~ ]926, p. 514. 

Phil. Mug. S. 7. Vol. 3. ~o .  13. Jan. 1927. B 
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Mr. L. H. Thomas on the Kinematics  

the correct doublet separation at the same time as the 
auomalous Zeeman effect when the problem is treated by 
the new quantum mechanics*. These explanations do not 
seem to require anything more of the extra terms in the 
equations of motion of the electron than that its axis should 
preeess about a magnetic field v[ with angular velocity 
(e /mc)tI ,  that in revolution in an orbit there be some 
secularly conserved angular momentum, and that the con- 
tribution of the electron to this angular momentum be h/4w. 

The above assumptions are not, however, sufficient for 
more than the first order doublet separation. The complete 
Sommerfeld formula would seem to require a more complete 
specification of the extra terms in the equations of motion. 

S u m ~ ' n a ~ ' f f  , 

In the first four sections of this paper the notation used is 
explained, the relativity kinematics involved is discussed, 
and a first approximation to the equations of motion of the 
electron is considered. Tile change in the direction of its 
axis is given by 

me: 1+/3 

The Abraham spinning electron is discussed briefly. In 
spite of its inadequacy it is interesting as showing that the 
assumptions made are not unreasonable. 

In the sixth section the secular changes in an electronic 
orbit are discussed. The equations obtained are 

d--t- ---- ~c1~+ ~/K Xa , (6"71) 

d~--'-- ~mcl t+  .~g~ x K  . (6"72) 

In the seventh section a correspondence principle argu- 
ment is developed giving approximate Zeeman effect and 
doublet term values and the Heisenberg theory modification 
of these values is stated t .  

Finally, a summary of the reasoning by which the 
-Uhlenbeck-Goudsmit theory connects the Zeeman effect 
and doublet separation is given :~. 

W. Heisenberg and P. Jordan, Zeit.fiir Phys,, xxxvii, p. 266 (1926). 
The Hei~enberg theory term values, which were very kindly supplied 

to me by Dr. Heisenberg, are taken from the paper by l~im and -Professor 
Jordan (lee. cir.). 

~: Uhlenbeck and Goadsmit, loc, cir. 
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o f  an .Electron wi th  an  A xls .  $ 

1. 2(oration. 

In the sequel it is convenient to use in some places ordinary 
vector notation, letters in heavy type denoting vectors, the 
same letters with suffixes 1, 2, 3 their components, and in 
other places tensor notation, with the usual summation con- 
vention, e . g .  g ~  d x  ~ short for Z ~ g ~  d x  ~. It  will be well, 
therefore, to connect the two notations here, as well as to 
state the units that are adopted, especially as these differ 
from those used by Eddingtou *. 

The position-vector r el a particle and the time t at which 
it is at that position are connected with its four coordinates 
x 1, x 2, x a, x ~ by 

(1"01) ¢ J 
t ~ ,V4~ 

r is in centimetres, t in seconds, s, the "proper t ime"  for 
the particle, is given by the relation 

c ~ ds ~ = c ~ dt  ~ -  d r ~ = :7~ dx~ dx ' ,  . (1"02) 

"where the components of g~, the "fundamental tensor" of 
relativity theory, have here, as throughout this paper, their 
values for " Galilean coordinates," g n  =g~:,----g3~ = - 1 ,  
a44=c 2, the remaining components vanishing, and where c is 
the velocity of light. 

Let 
dr  

v - -  d t  ' . . . . . . . . . . .  (1"11)  

so that 

= -' ( 1 +  c ~7 = c ~ \ d ~ ]  7 - d,~' " (1 .1 ,9)  

[ d x l  dx2 dx3~ "l 

B y  = \ - 3 ; '  ~ '  ~7'~ . . . . . .  (1.1"~) 
dx  4 J 
ds" 

The electric intensity E and scalar potential ~b are in 
electrostatic units, the magnetic intensity H and vector 

A. S. Eddington, ' The Mathematical Theory of Relativity,' p. 170. 
B 2  
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4 Mr. L. H. Thomas on t£e Kinematics 

potential A in electromagnetic units, so that 

( V . A ) +  1 ~  = O, . . . .  (1"21) 
v 

l i , }  
~ = - V ¢ - 7  . . . .  (1.e2) 
Tr = I V  × A] ,  

and in empty space £he field equations are 

(V.~) = O, } 
! (1"23} 

[v x r ]  + 1 ~i = 0, 
c 

(v. ~,) = o, ) 
(1"2~) 

[ v ×  H] - - -1  r = 0. 

The four-vector k, and anti-symmetrical tensor F ~  of 
the electromagnetic field are given by 

--A = (k~, k~, &),'~ 
(1"31) 

f c6 = k4, 

c E  ---- (F14, F~4 , .Fa4), I 
(1"32) 

2vs~ =- -F~s  and /7%= R,~F~, etc. as usual. 
Equations (1"21), (1"22), (1"23), (1"24) become (for Galilean 

c¢ordinatos), as usual, 

F ~ _  

bF~ 

o, . . . . . .  (1.~1) 

~. a kv (1.42)  

+ ba'~ -- O, (1"43) 

- - =  o . . . . . . .  (1.44) 

If  - - c ] ~  = (~14, ~2~, ~34), 

• ~ = - ~ .  

~,v is ~lso a tensor. 

0"5) 
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of an .Electron with an Axis. 5 

The usual equations of motion of a particle of charge e, 
rest-mass m take the form 

= ~ ( E + [ v x H ~ ) c -  , . . . (1"71) d 
~-t (m3 v) 

equivalent to 

o r  

= a f d t E + l  dr 

d [ ~dt\ e{dr y,), 

) - .  d,v ~ e F'~ 
m - d Z  = - c d s  " " 

(1"72) 

(1.73) 

2. Lorentz Transformations. 

The idea of a Lorentz transformation with velocity v 
unrestricted in direction is made precise by the following 
definition. The coordinaLe system (r', t') is said to be ob- 
tained from the system (r, t) by a Lorentz transformation 
with velocity v without rotation when the equations of 
transtbrmation take the form 

r ' = r + ( f l - - 1 ) ( ~ v - - ~ v t , }  . (2"1) 

t' = / 3  ( t - -  ( r ~ v ) ~  , 

where ~ ----- (1-- v2/c~) -~. Here, of course, v has nothing to do 
with the velocity of a particle as defined in (1"11), but is a 
constant o[ the trans[ormation. 

It is well known that all transformations leaving the form 
of (1-02) unaltered are combinations of a translation, in- 
cluding change of zero-point of the time, a space rotation, 
and a transformation of the form (2"1), while conversely any 
such combination leaves the form of (1"02) mlaltered. If 
the order in which these are taken is fixed, the resolution is 
unique. 

The combination of two successive transformations of the 
form (2"1) is not in general of the form (2"1) but can be 
resolved into a transformation of that form together with 
a rotation. In particular it follows from the theorem of 
Roderigues and Hamilton, applied to (r, ict) space or can 
easily be shown directly, (cf. (3"6) below), that the resultant 
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6 Mr. L. H. Thomas on the Kinematics 

of such a Lorentz transformation with velocity --v followed 
by one with velocity v + Sv, where Sv is infinitesimal, resolves 
into a Lorentz transformation with infinitesimal velocity 

° { }} B 
together wigh an infinitesimal rotation (2"2> 

}Iv]. 

The transformation of the electromagnetic field corre- 
sponding to (2"1) is 

c . (2"3) 

3. The kinematical description of the motion of 
an electron. 

Suppose first that the motion of the  electron can he 
described, to a sumcient approximation, by giving the 
position at any time in (r, t) of a system of coordinates 
moving with the electron; that is, by giving coordinate 
systems (p, T) in which, at different times in (r, t), the 
electron is instantaneously at rest at p=0 ,  ~-=0, and which 
differ successively from one another by the rotation, sup- 
posed definite, which the electron undergoes~ as well as by 
that change of origin and time (T) direction necessary for 
the electron still to be instantaneously at rest at p----0, ~'=0 
in (p, ¢). This will fix the system (PI, ~'~) for t=t~ in (r, t) 
In terms of (po, To) for t=to. 

At t = to let the electron have position re and velocity v0, 
with ~0=(1-vo2/c~)-~, in (r, t). Then, by (2"1), that 
definite system of coordinates (Re, To) in which the electron 
is instantaneously at rest at the origin and which is obtained 
from (r, t) by a translation and a Lorentz transformation 
without rotation is given by 

Re = r - - r0+  (/9o--1) (r--v~" v0)v0-B0Vo(t--t0) , } 
(3.1) 
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o f  an Electron with an A x i s .  7 

The system (po, %) is specified by Eulerian angles 
(4)0,/?o, 4do) giving it~ angular position in (Ro, To), so that 

Pox =/~ol  (cos ¢o cos/?o cos ~o--  sin 4)o sin ~o) 

+ Ro~ (sin 4)o cos ##o cos 5re + cos 4)o sin ~o) 

- -  Re8 sin/?0 cos ~o, 

Po~ = Re1 (--cos ~b o cos/?o sin ~o--  sin ~bo cos @o) 

+ Re2 (--sin ¢o cos/?o sin 5re + cos ¢o cos ~o) 

+ Re3 sin/?o sin ~o, 
Po3 = Rex cos ~b o sin/?o 

+ Ro~ sin 4)o sin/?0 + Roa cos/?o, 

which will be abbreviated as 

po.  = ~'o~b Ro~, . . . . .  (3.21) 

while % = T o. 
The system (pl, ~'l) for t = tl = to +dto in (r, t) is speoifie(~ 

in the same way in terms of r l = r o + d r o ,  vl--vo+dvo,  etc. 
Lot 

d ~'o = (dSVo sin/?o cos 4)o--d/?G sin ~bo, 

d,/r o sin ~?o sin 4o + d~9o cos ¢o, dee + d~o cos/?o)- (3"22) 

Since the electron is instantaneously at rest at the origia 
in both systems, the infinitesimal transformation from (Po, %) 
to (pl, "rl) must be of the form 

p , - p o  = { [po × lo3 - ~o"o} also, 1 

where dto=Bodso and lo, no are the angular  velocity ancI 
linear acceleration of the electron measured in (po, %) at ta 
in  (r, t) 

I f  

(3"2~) J i 

~o~ = ~o~fo~, 

We, fo are the angular  velocity and acceleration measured in: 
(R o, To). 
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8 Mr. L. H. Thomas on the _KTnernatics 

By eliminating (r, t) from equations (3"1) and the similar 
equations for (Rt, T~), (cf. 2"2) 

(Bo_~ i) ERe × Eve x dVo]] 
(re. dye)_ 

--/9oTo {dvo+(/9o-1) v° ~ "o}, 

- . { + (=o- }) } 
(m3) 

so that, referrecl to (Re, To), (R1, T1) has a rotation 

(/3o- 1) Ire × dye]/.o 3 
as well as a velocity 

/3 o d% +/3o (/3o - 1) (v o . dye) %/%2° 

Comparing (3"23) and (3"3), using (3"21), (3"22), (3"24), 

V0 ~ • 

Wo d~o = d~o + (~o-- 1) [vo x dvo] (3.4~) 
V0 2 ' 

I f  Go is the rate of change of angu]ar velocity referred to 
(Re, To) at t=to in (r, t), by (3"3), since wl is measured in 
(R1, 2'~), 

. , -we Go~ ~Po-1)Iwo×[~oX d'°ll 
d%.a..l d8  o Vo ~ 

a W e  ( & - l ) [ . o X [ ~ o X  droll 
i.e. G O -- ds ° v° ~ dsoA A • (3"5) 

This moans, inter alia, that if an electron were to move in 
a closed path, and its axis of rotation at each moment did 
not change its direction in the system of coordinates in 
which the electron was instantaneous]y at rest, yet  after a 
eyc]e the direction would be different. In short, G and 
dw/ds art~ nut the'same. 

For a change of the coordinate system (r, t), w so defined 
does not change in a simple manner. This difficulty can be 
got rid of in two ways. 

D
ow

nl
oa

de
d 

by
 [

C
E

R
N

 L
ib

ra
ry

] 
at

 0
5:

48
 0

8 
M

ar
ch

 2
01

6 



1. I f  

of  an ~lectron with an Axis .  

I'w. v) (w ~, w', ~ )  = w+ ( ~ - l ) - - - V - v , )  

= ~ (w. v) I 'W 4 r~ ~ ' 

• ( 3 " 6 1 )  

then w ~ is a four-vector transformed like dx ~' and having zero 
time component and space components equal to w in any 
,ystem in which the electron is instantaneously at rest. 

I t  therefore always satisfies the relation 

2. I f  

~ v  

g~w ~ ~ = 0 . . . . . .  (3"62) 

(w~, ~ , ,  w~) Zw+ ( l - Z )  (w. v) t 
= - - - - v 2  v ,  . ( 3 " 7 1 )  

(~:,, w:~, ~ , )  - Z [ v  ×w], 

and w,.--- --wv,, w,~ is an antisymmetrical tensor transformed 
like ~ and having zero componems (wl~ , w24 , ws4 ) and com- 
ponents (w:~, wal , w12) equal to w in any system in which the 
electron is instantaneously at rest. 

It  therefore always satisfies the relations 

W tLr d,~fl' -~  = o ,  . . . . .  ( 3 . 7 2 )  

which are equivalent to three independent relations. 
Whether the electron has a definite rotatio~ or not, if w is 

a vector defining in a system of coordinates in which its 
centre is instantaneously at rest any directed property such 
as magnetic moment, equations (3"1), (3"3) will apply and 
(3"5) can be deduced, giving Go, the rate of change of w re- 
ferrod to a system of coordinates in which the electron is 
installtaneously at rest in terms of dw/ds. (3"6) and (3"7) 
will also still holu good as well as (3"41). (3"42), of course, 
would then have no meani~g. 

The only part of the sequel for which it is necessary 
that  w should be an actual angular velocity is § 5, in which 
the model of' a spinning spherical shell of electricity is 
considered. 
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10 Mr. I,; H.  Thomas on the Kinematics 

4. A f irst  approximation to the rate of  change of  
direction of  the axis o( the electron. 

Suppose that, to a first approximation, in the coordinate 
system (R, T) in which the electron's centre is instan- 
taneously at rest, 

f = - - £ ~ . ' ,  . . . . . .  (4"01) 
m 

a =  x [ u ' x w ] ,  . . . . .  (~.02) 
where E', 11' are the field in (R, T), --e is the charge, m the 
mass of the electron, and ~. a constant not yet determined. 

Then it follows ,by (3'5), (3"41), (2"3), expressing d~r/ds ~, 
d2t/ds 2, dw/ds  in terms of dr/ds, dt/ds, w, E, 1t, that, to 
a first approximation, 

d~r e ~ dt E + 1 ['dr 
= - ~ t d8 -c L ~  

d ' t _ _ ~ / d ~  r), 
ds ~ - mc ~\ds"  

't 

I 
• ( 4 " 1 1 )  

which are, of course, equivalent to (1"72), remembering that 
the electronic charge is --e, and 

dw e 

This last is considorahly simpler when X = e 
takes the form mc'  

ds mc mc ~ 1 + fl 

In this case, to the same approximation, 

and 

when it 

(4.122) 

d w  I~ 8 
= - - P ' ~ w  v, . . . . . .  (4"123) 

ds mc 

d s  ,D~o 
(4.12~) 

The more complicated forms when X ¢ e / m c  involving v 
explicitly on the right-hand side can be found easily if 
required. 
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of an Electron with an Axis. l I  

The first approximation eqm, tion (4"124) including the 
coefficient e/me can also be deduced from the following 
assumptions. 

To a first approximation : - -  

1. The equations of motion of the centre of the electror~ 
are (1"73) 

d2x ~" e ~ dx ~ 

2. The antisymmetrical tensor w,v has its rate of changa 
given by equations that are invariant for Lorentz 
transformations. 

3. dw~,~/ds is a homogeneous linear function of the field 
(F.~). 

4. dw~,v/ds contains no terms higher than quadratic 
functions of w~, dx'/ds. 

5. The relation w~,vdx~/ds = 0 is preserved 

(i. d~x~ dw~'dx" o).  e. w . ~ +  ~ ~ =  

6. The relation w ~ w ~ g ~ g ~ =  const, is preserved 

i. ~r dw~v 0).  e. w~g~¢g ~ =  

For assumptions 2, 3, and 4 only allow an equation of the 
form 

ds 
where 

f f  I" dx dx dx~ dx ~ 
+ E F ~ - ~ -  s ~ g ~ , + F ( I ' ~  ds ds g~,r, 

and A, B, C, D, E, 17 are constants. 
Assumptions 5 and 1 then give A=e/mc, B - 0 ,  C=0 ,  

Z)--0, and assumption 6 gives E~=0, F = 0 .  
Similar assumptions for w~ lead to a similar result. 
The next stage would naturally be to seek the second 

approximation terms in equations (4"1].) of motion of the 
centre of the electron. There does net, however, appear to be 
any definite way of finding them as they depend on the 
assumptions made as to the constitution of the electron. 
As will appear below, to obtain the observed Zeeman effec~ 
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12 Mr. L. H. Thomas on the Kinematics 

and first order doublet separation it seems only to be neces- 
:sary that they should be such that there is some "angular 
momentum" which is conserved when the electron revolves 
in a central field. 

Hamilton's principle does not seem to be applicable as the 
kinematical conditions do not seem to have any meaning for 
a variation to an adjacent motion not necessarily kinemati- 
cally possible. Equations in a Lagrange form with extra 
terms to preserve the kinematical conditions of the usual 
tbrm can be obtained. The test of their truth must be 
whether they can give higher order terms in the doublet 
separation in agreement with experimental results, which, 
as is well known, are given to a high approximation by 
Sommerfeld's formula. The equations can also be put in 
Appell's form *. Perhaps the assumption that the motion of 
the electron can be described in terms of its position at any 
time and a single furt, her vector w is too restrictive. 

5. The Abraham spinning electron. 

It  is ~nteresting to see what some particular model of'a 
spinning electron gives for its equations of motion. The 
simplest is that of Abraham t, a spinning sphere of elec- 
tricity. As Uhlenbeck and Goudsmit pointed out, he showed 
that for a unit'orm spherical shell the coefficient X in equa- 
tion (4"02) is e/mc. 

Assume : - -  
1. The electron is a distribution of charge which, in a 

Galilean system in which its centre is instantaneously at 
rest is instantaneously spherically symmetrical and rotatil~g 
like a rigid body with angular velocity w. 

2. In such a system the total couple and total force on the 
electron due to the external field and to its own field, given 
by retarded potentials, are zero. 

These assumptions differ from those of Abraham only in 
that they imply a Lorentz contraction of the electron, while 
his supposed it to remain spherical in a system fixed in the 
"~ether." 

It follows, agreeing with Abraham, that for v=O, approxi- 
mately 

mf = + • rr), ) (5"1) 

YqY = d × r ]  + z [w × rr , (5..9) 
dt 

M. P. Appell, Comptes t&ndus, 1911~ p. 1197. 
t M. Abraham, loc. cir. 
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of  an Electron with an Axis .  13 

where --e is the total charge, lw the magnetic moment, and 

m = 3c 2,~ j D ' 

- ~ i ' / ' l - 2 ( r ~ :  r~) l [ r l × r 2 ] ~ ! d p l d p ~ ,  

1 yP2dp. l=~ 
The integrations being over the electron, dpl, dp: elemenfs. 

of charge at P1, 1~ from the centre, while D~-- - (PI--P~) ~. 
For a spherical shell radius a, 

2 e ~ 2 ae ~ a~e 
- -  I =  - -  l = - -  

m 3 ac ~' § c 2 ' 3c " 

The terms neglected in (5"1) and (5'2) are terms in d f /d t ,  
d2f/dt 2 etc., d~w/dt ~, d3w/dt ~ etc., and squares, products, and 
higher powers of f, w and their derivatives, as well as terms 
in the second and higher differential coefficients of the 
external field. 

It is to be noted that if the terms / V ( w .  It), el[X7 x E ]  
=-- l ]~ ,  depending on the rates el change of the field are 
left out, the equations (4'01), (4"02) considered above are 
obtained with X = e/mc. 

Further, the term / V ( w .  It) is not that which would be 
expected to be the force on a small magnet in a non-uniform 
field. The latter is l ( w . ~ ) t t .  The difference between 
these expressions 

l ( w .  ~ ) ~ -  Z V ( w .  T~) = -- Z[w × [~7 x ~r]] 

= - (l/~) [w × i~], 

while zero if the electric field in the system of coordinates 
in which the electron is instantaneously at rest is not 
changing, is not usually zero. 

This model has "disadvantages that seem to deprive it of 
any physical meaning. 

(1) If  I w  = h/47r as will be required, 

t ~ -  I = (9c~/4e') I I w  { 

200 c, 

which seems absurd. 
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14 Mr. L. H. Thomas on the Kinematics 

(2) The term in fw ~ was neglected in equation (5"1). 
This term would represent a magnetic contribution to tha 
mass, and since there would be no corresponding contribu- 
tion to the angular momentum, the ratio X=e/mc  would be 
disturbed. Further, it has been assumed that while internal 
forces constrain the electron so that it always has spherical 
shape instantaneously in a system in which its centre is at 
rest~ these forces do not contribute to the total force and 
couple in that coordinate system. This will not in geueral 
be true for other coordinate systems. 

Since Webster has shown ~hat internal forces can be 
assumed which will cancel the magnetic mass *, the second 
objection loses some of its force. ]~[oreover, a rapidly 
spinning electron would not be expected to remain spherical. 
This model is, however, interesting as showing that there is 
nothing inherently impossible about the ratio e/mc. 

I think we must look towards the general relativity theory 
for an adequate solution of the problem of the "s t ruc ture  of 
the electron" ; if indeed this phrase has any meaning at all 
and if it can be possible to do more than to say how an 
electron behaves in an external field. 

6. The secular change in the direction of the axis of  an 
electron revolving in an orbit. 

I t  makes no difference which of w, w ~, w~v is used to find 
the secular change. If the electron revolves under a central 
electric field Ze/r ~ and a constant external magnetic field H~ 
from (4"122) approximately 

d--[ L [ ~nc m c  2 2  " " 

K = m [ r  × v] is the angular momentum of revolution, and 
can be supposed nearly constant during one revolution, so 
the secular change in the direction of the spin axis is given 
by rotation 

e i e ~ 2  
- -  ~ + - - -  - x ,  ( 6 . ~ )  me 2 me ~ r 8 . . . . .  

where Z/r  ~ is a time mean over a revolution. The occur- 
rence of the factor " 1 /2"  in the second part of (6"1) is due 
to the difference between G and dw/ds caused by the rotation 
between (R0, To) and (El, /'1). If the expression for G were 
taken instead of (6"1) to be dw/ds, as might be done in the 

* D. L. Webster, Phys. Rev. ix. p. 484 (1917). 
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of  an A'lectron with an Axis .  15 

hope that such "relativity rotation" would prove small, 
then the secular rotation would seem to be 

e H +  - -  K, (6"3) 
~t / ' ¢C 7 n C  2 ° ° " " " 

o1" if X=e/2me,  
e e ~ Z (6"4) 

2r~-~ ~ + 2 - ~  ~ z . . . . .  

It is to be noted that, for a Coulomb field, (Z independent 
of r), 

1 e ~ Z K = o -  
Tt~C 2 ,r 3 

is equal to the rate of precession of the perihelion of the 
orbit in its own plans due to the Sommerfeld relativity 
effect. 

The secular change in the orbit will be the relativity plus 
screening precession in its own plane, the Larmor precession 
of its normal about the external magnetic field, and the effect 
of the unknown second order terms in equations (4:'11). I f  
there is to be any "angular momentum" timt is conserved 
at all and the effect is not zero, this effect can hardly be 
other than some small deformation of the orbit and a rota- 
tion of the normal proportional to w. That is, the change in 
direction of the orbit normal will be a rotation of the form 

e 
rl + ~ w ,  . . . . . .  (6-5) 

2me 

where ~ depends on the shape and size of the orbit only. 
In the absence of" external field tile equations giving the 

secular change in plane of the orbit and in w would then he 

dw o-~ ~= ~LXXW], } 
dx =, rwxx], 
dt L 

so that 

K4-(K/o')ww is what is secularly unchanged. If  and 
only if ( K / a ) ~  is the same for all orbits, can this be divided 
into the angular momentum of the orbit and an angular 
momentum independent of the orbi~ to be attributed to the 
electron. 
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16 Mr. L. H. Thomas on the Kinematics 

I f (K / c r )~rw=~ ,  it would be natural to call t2 the 
angular momentum of the electron. (6"5) becomes 

e o" 

2m~ H + ~.I2, . . . . .  (6"6) 

and the equations to determine secular changes of the orbital 
plane ahd "elebtrbnic axis are 

I t  is to be noted that using the equation (5 1) obtained 
from the model of the Abraham electron and averaging just 
gives (6"72) with t2---Iw. 

If  m f o = - - e E o + ( I e / m c ) ( w . ~ ) H  o is used instead of 
(5.1), 

) ]  d~-= ~ 2 [ w  x K  

would be obtained instead of (6"72). However, as K + 2 1 w  
would then, in the absence of external field, be conserved, it 
would be natural to put 2Iw----~ and still obtain (6"71), 
(6"72). 

The form of these equations depends only on that of (6"2) 
and on there being an "angular momentum" secularly con- 
served in the absence of external magnetic field of which 
part is the ordinary angular momentum of revolution and 
part, constant in magnitude, can be assigned to the electron. 

7. The application of the correspondence principle to 
obtaln approximate term values. 

In order to compare with obsel;vation, the term values that 
would be obtained for an electron moving in central electric 
field Ze/r ~ under a small external magnetic field H will be 
obtained. 

The first approximation will be the Keplerian ellipse, the 
term values being 

R Z  ~ 
n 2 , 

where R is the Rydberg number, n the total quantum 
number. 
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of an ]£1ectron with an Axis. 17 

Next the orbit precesses in its own plane with the 
Sommerfeld relativity precession giving the term 

1 nlk), Z4Rx'(34n , 
where 

x = 2~re2/ch = 7"29.10 -s and Rx'2Z4/n2k2 = o-/2~rc, 
while the normal to the orbit and the spin axis precess with 
angular velocity 

O" 
~¥J', where Y---- K + ~  

about the direction J', while $ precesses about H with angular 
velocity 

since for small H, (6"71), (6"72) give first 

d ~  o- ~ l ,  -3T= ~.[~x 
d K  (7 
dt - -  L~ [~ × ~']' 

and then, averaging over the first rotation, 
d$ e (x J) 
dt --mc + ~  ~ " 

Whether K is small or not. equation~ (6"71), (6"72) are 
just those which would be obtained-i[..the system were 
Hamil~onian with perturbation function, in addition to the 
Sommerfeld relativity correction, 

o- e ~ )  -t- e K). = ~ : (x .  n)  + ~ (H. ~--~c (~" 
Thus in any case, term values .F/ch will give the line 

frequency differences that correspond to equations (6"71), 
(6"72), where ~ '  is the mean value of/7'over the motion. 

:For H small, writing K=kh/2~r, J-=jh/2~r, f~----~'h/2~r, 
(J.1t)/It=mh/27r, and expressing the cosines in terms of 
k, j,  r, and m, the term value is 

1 #f-_k~--r ~ rh ~+ ( eli ~mh ~ k '+f - -r '2a_~(r '+f -k '  ) ~ }, 
ch(  2]cr 2 .  -~mc]~(.  2j ~ ---  2j ~ , 

i.e. 
r '2 k~ r~ OE k ~ + f _ r ~  (r~+i ~_k~) 

Phil. Mag. S. 7. Vol. 3. No. 13. ,Tan. 1927. C 
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18 Mr. L. It. Thomas on the Kinematics 

This gives, collecting all the terms, term value 

RZ~ ~4~ ~13 1 1 ) '~-k~--rg~ 
n 2 " + n 4 ~ k  

O~ f k  24-j'-- r 2 . . (r 2 + f - -  k') l + m  (7"1) 
c L 2j '~ -v~- ~j~ f .  

For 12=h/4~r, r=½. 
Starting from the treatment of the motion of a particle 

in a Coulomb field due independently to Pauli and Dirac, 
tteisenberg and Jordan (loc. cir.) have shown that on the new 
theory th0 above formula must be replaced by 

R Z  ~ 2 , . R x , ( 3 1  1 

+ Z4Rx~[j( j + 1) --k(k+ 1) --r(rq- 1)~ 
\ 2n3k(k+i)(k+l) ] 

+ m O----H -f k (k + 1) + j ( j  + 1) --r(r + 1) 
c t 2 j ( j+  1) 

+ 2 (r(r + i) +j(j  + 1) - k(k + 1)) 
2i ( j+l )  J ,  

(7.2) 
where q'=~ 

n----l, 2, 3 ... 

k=O, 1 . . . .  ( n - - l )  
j=k+-~ or k--~ unless k=O, when ] = ~  

m=-- j ,  - - j + l ,  ..., 0 . . . . .  j - - l , j ,  

except that they have not proved that the third term 

( i(J + 1)- k(k + 1) - - r ( r  + 1)) 

takes the form it should for S-terms, i.e. k=O~ j = ~ = r ,  
v i z  • 

1 
Z4RX22n3(k +_~ ) . . . . . .  (7"3) 

The last term of (7"2) gives the anomalous Zeeman effect 
correctly. 

If the form (7"3) be granted for the S-term, the second 
and third terms give the "relat ivi ty"  fine structure correctly 
aecording to Uhlenbeck and Gondsmit's scheme with the 
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of an Electron with an Axis. 19 

observed doublet separation. In fact, if Z = I  these two 
£erms reduce to 

Rx2 1 3 1 i for 
4n  4 nS(k + 1) J 

/ ? x ' {  31-4: n' n3/cl } f o r j = k - - ~ , k : / : O .  

In general the coefficients Z of the different terms in (6"2) 
will be affected by different screening constants as they arise 
as averages of different expressions. In any case the doublet 
separation, the difference of the term values for the same 
n, k, and differentj is 

Z4Rx2ln3k(k + 1). 

It is to be noted that if instead of the correct expression 
(6"2), involving the kinematical rotation of the axis discussed 
above, expression (6"3) had been used, the anomalous Zeeman 
effect would have been obtained correctly, but twice the 
obserwd doublet separation; if expression (6"4), the correct 
doublet separation'but a normal Zoeman effect. 

Finally the value 12=h/47r is necessary for doublets to be 
obtained (as against triplets, etc., I:Ieisenberg, loc. cir.). 

8. A summary of the logical train by which the Goudsmlt- 
Uhlenbec]c theory connects the anomalous Zeeman effect 
with the optical and relativity doublets and accounts for 
them both as manifestations of the magnetic properties of 
the electron. 

Starting from the idea that the anomalous Zeeman effect 
may be explained by the electron itself having a magnetic 
moment, it is seen that Landd g-values different from unity 
can be obtained by supposi,g that the axis of the electron 
precesses about a magnetic field with angular velocity other 
than the Larmor rotation. In fact angular velocity e/mc, 
twice the Larmor precession, must be assumed. If  it be 
assumed that it has such a precession about the magnetic 
field in a system of axes in which its centre is instan- 
taneously at rest, the secular -rate of change of direction of 
its axis when it r~votves in an orbit can be found. Assmning 
that there is some total angular momentum that is secularly 
conserved, that which the electron itself adds to that of the 
orbit having magnitude h/4~r, the secular motion of the sys- 
tem can be found. An approximate formula for the doublet 
and Zeeman effect separations follows. The new quantum 
mechanics of Heisenberg transforms this into a formula 

C 2  
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20 Mr. L. H. Thomas on the Kinematics 

which fits the observed doublet separations and Zeeman 
effect exactly, as far as first order terms in the relativity 
correction are sufficient. 

In conclusion, I wish to express my appreciation of the 
encouragement and help of Professor Bohr and Dr. Kramers. 
My thanks are due to Dr. Pauli and Dr. Fleisenberg for their 
helpful criticism. 

Universitetets Instltut for Teoretisk Fysik~ 
Copenhagen. 

.Note added later. 

Since the above was written Frenkel has published a 
paper* in which he shows how the consistency of the 
Zoeman effect and multiplet structure can be obtained from 
a similar Lagrange function with the same kinematical 
conditions. (3"72, 1'02.) 

Perhaps I may be allowed to state a little more fully than 
above the position as it appears to me. The difficulty is that 
if we use Hamilton's principle we must define or take as 
defined varied motions in which the kinematical conditions 
are not satisfied, and the equations cannot be interpreted in 
the above way as representing a rotation in the ordinary 
sense. Equations for the variations of the " velocities corre- 
sponding to quasi-coordinates" ws~ or their equivalent must 
be assumed in the form 

8dwt~ = d3wt, v+ g~r(3wmdwrv-dwt,~3wT,), (9"2) 

where dwt, v means wt,~ds , and 8wt~ are the independent 
variations, if the analogy with ordinary mechanics is to 
remain. "True  coordinates" giving rise to (9"2) can be 
found as a kind of formal extension of Eulerian angles 
(e. g. the equations (9"5) below with d~'~ replaced by w ~  ds 
would lead to (9"2)), but there seems to be no physical inter- 
pretation of them. I have tried to use as Lagrange function, 
originally obtained in connexion with the Abraham electron 
model, 

1 dx ~ dx~ e k dx~  X 
L = ---~mg~,,--~s -ds +-c t '~s  + ¼Iwt'vw~g~"g~- :2 w~'vF~'' 

(9"3) 

If  X = I e  the kinematical conditions are automatically 
mc 

satisfied to the first order--as the argument given above 

J. Frenkel~ Zeit.fitr Physik, xxxvii, p. 243. 
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or an E lec t ron  wi th  an  A x i s .  21 

shows. As we have already contemplated motions not satis- 
fying the kinematic~d conditions, it is natural to see what 
happens if they are discarded altogether. The equations 
then take the wonted Ha,niltonian form, and the usual 
methods of solution can be applied safely at any rate to the 
first order. 

Frenkel uses a Lagrange function equivalent to 

e .  o dx*" 
L = c kl" d~ + ¼Iw~'w~'g~'~gv" + "2 '°~'"F'v" 

The change of sign in the last term may be brought about 
by denoting by w ~  what I have called w~t,, or by --e what 
I have called e. Use of the kinematical conditions, whidh is 
now necessary if nonsense is to be avoided, leads him to first 
order secular equations identical with those obtained in § 6 
of this paper. 

The tollowing results more general than those in § 3 which 
I obtained at the same time may be of interest. 

We can suppose the electron's configuration to be deter- 
mined by giving the position of its centre, x%, and the 
orientation of a Galilean coordinate system ~¢ with origin at 
its centre, which can be described as in (3"1), (3"'21) in terms 
of 0, ~, ~ ,  v; /3----(1-- v=/e')-k, where v is not now neces- 
sarily the velocity of the centre. Thus 

~ =  A~,,(xV--x"0), 
where A% depend on 0, ¢, ~ ,  v. After interval ds, 

U = A~-'(x"-~'% ') = A~'~ "" 
Deft,ring y¢' by 

it follows that 
g ~' = d ~  y~ + y ~', 

where d~'~ ~ may, without prejudice, be called the "rotation " 
of the electron. It  is easily shown that 

~d~,, = d~% +~%d~%--d~%~% (9"~) 
if 0, ¢, ~ ,  v be regarded as (six) " t rue  coordinates" capablo 
of variation independently of X¢o, while 

(1 - ~ )  iv × dv], (d~',~, d~'3~, d~'2~) = Bd~'+ (I~B..) v(d~', v) + 

/3C1-/3) v(v.  dr) (d~',,, d~'~,, d~'~,) = -- /3dr-- /3 Ev x d~'] + v---w--- 

where d~ is given by (3"22). (9"5) 
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22 Prof. N. Bjerrum on the Cha~'fle 

The condition that if initially 
dx~ 

( /3v , /3)  = & 

this shall continue to hold is 

• d ~  d~"~ d~x~ (9"6) 
ds ds d# ' " . . . .  

which are four independent conditions replacing (3"72), 
(1.02). 

If  these hold the equations reduce to those of ~ 3, with 

lfdx d,.  dx. d2. \ d~m' w~V+ (9"7) 
d8 --  c~ t. ds ds ~ ds Ys~ J" 

I f  this picture is adopted: d~, , ,  with (9"6) as kinematical 
conditions, would seem to replace wvvds as the fundamental 
rotation tensor, as the former retains some physical meaning 
when (9"6) does not hold (in which case w~,~ might perhaps 
be defined by (9"7)) and on this picture d¢_~ satisfies (9"4), 
while u,l,,, does not in general satisfy (92). Equ,~tions 
(9"6) do not seem to be suitable to be kinematical conditions 
connected with a Lagrange function. 

Taking a Lagrange function of the form (9"3), d~v/ds 
replacing wgv, 

1 dx~ dx~ e .  dx ~" 
L = - - ~ , , g t , ~ s  7fs + ~k~ & 

(,8) 
m(3 d8 

equations (9"6) are approximately satisfied better than (3"72) 
(1"02) with (9"3). To the first order this Lagrange function 
and the corresponding Hamiltonian function seem to be 
sufficient. 

II. On the Use of Donnan's Membrane Equilibrium Theory 
for the Determination of the Charge of Colloid.Particles. 
By Niwrs BaE~Ru~ *. 

I N a paper in the January number of this Journal 
(Phil. Mag. i. Jan. 1926) Herman Rinde has criticised 

my paper:  " Z u r  Theorie der osmotischen Drucke, der 
Membranpotentiale und der Ausflockung yon Kolloiden" 
(Zeitsehr. physik. Chem. cx. p. 656, 1~24). 

* Communicated by the Author. 
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