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History
How do we treat a heavy flavour (mass mp > Aqcp) in QCD processes?

In standard MS scheme, heavy flavour effects persist even for Q < my,
(ng, not ny=ny—1, appear in the running coupling ...).
It would be cumbersome to worry about top when doing DIS at 10 GeV?2.

Use Decoupling renormalization scheme with n; light flavours (all but k)
(Collins, Wilczek, Zee 1978;). CWZ prescription:

—  the MS scheme for light flavours
— a zero momentum subtraction for heavy flavour graphs

heavy flavour graphs: graphs that include heavy flavour lines, or
counterterms to heavy flavour graphs.

Advantages: mj — oo limit easily treated (forget the heavy quark!)
(i.e., if the scale of the process is < myp, forget the heavy quark)



How decoupling works in CWZ

If the external momenta p << my,:

e Convergent graphs with heavy lines are dominated by internal momenta
k =~ p, so the heavy lines yield k/mj~ p/m;, suppression factors.

e Divergent graphs with heavy lines are dominated by momenta k> my;
subtracting them at zero momentum:

Y(k,p,mi) —3(k,0,mr) =~ O(p/mk)



Evolution of o, and parton densities

e Decoupling (CWZ) scheme: as in MS scheme with n; flavours
e Standard MS: evolution with ns=mn;+ 1 flavours

In both cases mj, does not enter in the evolution.



Relations among MS and decoupling schemes (suffix d for decoupling scheme)

a(p) = aa(p)+ei(p/mn) aa(p) +co(p/ma) ag(p) + ...
filw) = ) Aij(p/mn) @ f(1)

J
65+ Aty (n/mn)aa() + A (n/man)ad(p) + ..
(Buza etal, 1996)

Aqi(p/mn)

In particular, the heavy flavour parton density is given in terms of the light
ones in the massless scheme.

It turns out that: ¢1(1) =0, Ag?(l) =0, i.e.: at NLO a; and f; are continuous

at p=m, with f; ;=0 at p=m. Continuity is no longer true at NNLO.



Easy applications: 1 not much larger than my,

Use the decoupling scheme! (jargon: )
Accuracy: ( O(a?)) an O(a’t™) calculation has reminder of

O(a2+”+1); however, for p > my, terms of order (asL)" (with L = 1OgmLh)

arise at all orders, and the remainder is O(a?t" L") asL~1 O(ab)
Fs L

Easy applications: > my,

MS bar, neglecting my, (jargon: )

If we do not ask explicitly for the presence or absence of h in the final state
(i.e. for INCLUSIVE cross sections) we can treat all ny = n; + 1 partons as
massless, throwing away effects suppressed by powers of my/ .

Cross section formulae as in massless n ¢ flavour theory.

b+n b+n+1
. . )

Accuracy: O(a, ") calculation has reminder of O(«
all terms of order (ozslogmih)k are resummed to all orders in k, for any n

mn/
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Phenomenological applications

The decoupling scheme has been used in all calculations of heavy flavour pro-
duction processes involving incoming hadrons:

e Hadroproduction (Dawson, Ellis, P.N., 1988; Beenakker etal, 1991)
e Photoproduction (Ellis, P.N. 1989; Smith, Van Neerven, 1992)
e Electroproduction(Laenen, Riemersma, Smith, Van Neerven, 1993)

All these calculations include consistently mass effects.
The massless scheme has been used in high pr hadro and photoproduction of
charm and bottom (Cacciari and Greco, 1994)

Gluck,Reya,Vogt,(1992): straightforward application of the decoupling scheme
in DIS fits. They work within a 3-flavour scheme, and compute heavy flavour
effect from the v*g— hh process.



Charm in DIS

Charm contributes sensibly to the electromagnetic structure functions.

In DIS fits it is generally generated dynamically, most of the time using

the massless scheme.

According to the Variable Flavour Number Scheme (Collins, Tung, 1986),
depending upon the 2 value, one treats according to the decoupling scheme
all flavours with m > @, everything else being treated in the MS scheme.
Heavy flavours are treated in the decoupling limit, i.e. neglecting Q@ /m

corrections.

Gluck,Reya,Vogt,(1992): straightforward application of the decoupling scheme

in DIS fits. They work within a 3-flavour scheme, and compute heavy flavour
effect from the v*g — hh process. They neglect higher order a log Q/m
terms.
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Matched calculations

Can we get the best of both worlds?
Mass effects present in the decoupling scheme,
plus log resummation present in massless scheme?

Several proposals have appeared;

ACOT scheme (Aivazis, Collins, Olness, Tung, 1988,1994):
use the MS scheme above mj, without setting mj, to zero.

(Thorne and Roberts, 1998,) Modify massless scheme coeff. function
to achieve continuity with structure functions from massive calculation

FONLL scheme (Cacciari, Greco, P.N., 1998):

use the massless scheme, replace terms that are known in the massive
scheme with the exact massive result.
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ACOT (Aivazis, Collins, Olness, Tung, 1988,1994)

Use the MS scheme above m;, without setting m;, to zero.
If mp=0: 1/€ poles to subtract; if mp >0, L =log Q/my terms to subtract

massless massive

(87
_?quX} —aLquX); >

Formal basis: factorization with massive quarks (Collins,1998)

ACOT At NLO: PDF
subtraction (3rd graph)
depends upon 1st graph.

How to include mass in the 1st graph is not fully specified ...
3rd graph takes away from 2nd graph what was already included in 1st.
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In spite of ACOT formulation in 1994, up to CTEQ 6.1, the massless approxi-
mation (VFNS) has been used in the computation of DIS structure functions.

From CTEQ6.5 (end of 2006) the ACOT scheme has been implemented.

Unespected change in W cross section:
° AJw/JW: 3.5% at Tevatron,
o Aow/ow=8% at LHC
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Assuming that the charm

N> IR LR
. . © 8] [ Atlas and CMS
mass Is Important up to NSIO F [] Atlas and CMS rapidity plateau
) =10 GeV, we see that 107} =5 o0 conszabord. e
F [E= CDF/D0 Central Jets
the region z=10"°>—10"" 106L = m A
should be mostly affected I i
by an incorrect treatment ) Bcpis 7
10 % [II E665 y
of charm mass effects. ~ 0 smac )
10°L y y 7
Inclusion of correct mass e T A — i
effects has reduced the 0 -
charm contribution to Fb, b !
: g ‘ g e m
thus forcing the up and el L T ﬂﬂ |
down quark to increase in PR R R
i _ 10 10 10 10 10 10 10 1
this region of . X

The affected region of x is relevant for W /Z production at the LHC,and so
the change has not gone unnoticed.

(Tung,Lay,Belyaev,Pumplin,Stump,Yuan, 2007,Martin,Stirling, Thorne,Watt 2007)

14



TR SCHEME (Thorne and Roberts, 1998)

Basic idea: a structure function computed in the decoupling scheme does not
match a structure function computed in the massless scheme when ) ~ my,.

Correct the massless scheme so that they match.

££ Ziﬂ

Q~mp: O(as)

( Q Ny, thOés)

Since F5 is O(1), matching at NLO can be interpreted as: O(ay) terms only.
This approach essentially recovers ACOT

TR try to match at NLO, including O(a?) terms by imposing continuity

at Q=M at O(a?), up to the derivative with respect to Q.

Since my and mo vanish at () =m, this implies that d> is added to their

result. They add d2(Q =my,), to avoid (a,L)? terms arising for Q > my,.
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Thorne and Tung (2009) now seem to agree that this constant term
summarizes the difference in their approaches (is it ALL the difference?)

It is beyond the declared accuracy of ACOT (Since it is O(a?)).

Notice: it is frozen at Q =my, so (aL)?*~1 terms do not arise at large Q2.
Thorne (2006) shows that it is relevant at low 2 and Q2.
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Thorne and Tung (2009) paper has represented a considerable step forward in
understanding similarities and differences between the two approaches.

From Collins (1998) factorization paper:

Roberts and Thorne [L0.[L1] appear to have a scheme similar to the one in the present
paper. But they do not present complete proofs, and they make a number of mcorrect
or misleading statements. For example, they state that “the detailed construction of the
coeflicient functions ...1s extremely difficult if not mmpossible.” As regards the general
formalism. the construction is exactly as difficult as in the light-quark case. The only
computational complication is that in a calculation of the coefficient functions, heavy quark
masses must be retained. All the necessary Feynman-graph calculations for computing the
coefficient functions at order a2 have been done in Refs. [§, and all that remains is to
organize them to form the coefficient function by use of the recursion relation Eq. (65)). This
recursion relation is of the same form as the one used to obtain the coefficient functions in
the massless case.

so, some similarities were recognized, but differences were not fully understood.
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The core of the difference:

In ACOT, the massive result is included up to O(ay)
In TR, it is included up to O(a?).

The same mismatch is present at NNLO, where an estimate of the O(a?2) mas-
sive result is needed in TR (Thorne, 2006).

Within ACOT, at NLO, only the O(«;) massive result enters naturally within
the heavy flavour factorization scheme propose by Collins.

It should be stressed, however, that the (’)(ag) massive result is available,
it requires NLO o, and pdf's. Why should it not be used in an NLO fit?
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FONLL (Cacciari, Greco, P.N., 1998)

Totally independent approach
introduced in the context of

T | I_ T T
PP ~ B++X,

Vs=1.8 TeV, |y|<1 ]

. . _ _ _ 2 2
heavy flavour production at 103 - dashed: ;‘g‘fF‘M‘iﬁgb*PT) =
. . solid: Ug MR:MF Mo
high pr, in order to address
. CTEQ5M1
the discrepancy between 102 L my = 4.75 GeV

theory and Tevatron data
in b production.

do/dps (nb/GeV)

e = 0.006

O: CDF data

E dotted: Petersom, oo~

f(b~B)=0.375

10!

Besides the
pdf, it also deals
with b fragmentation.

Theory: FONLL with N=2 fit

100 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1
5 10 15 20 25

pr (GeV)

It was used to match the NLO heavy flavour production calculation of

Ellis, Dawson and P.N. ( ) with that of Cacciari and Greco

( ). The method is totally general. It has been applied

to heavy flavour production in e™ e~ annihilation. Its first application to DIS is
illustrated in the present talk.
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FONLL in few words

A cross section in the decoupling scheme can be seen as a fixed order power
expansion in « with mass dependent coefficients. The coefficients have loga-
rithmic behaviour at large scale.

A cross section in the massless scheme can be seen as a power series in o
with coefficients that are polynomials in L. All large logs are resummed.

So: add them up, deleting from the second the terms of the same order in a4
present in the first.

This way, the coefficients of powers of «, that are only approximate in the
massless expression, are replaced with the coefficients that include the exact
mass dependence.

Advantages: it is simple, the proof takes one page. It works at all orders (
). It does not need new calculations. (
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FONLL in details

Call o a heavy flavour cross section in the decoupling scheme.

o is given in terms of « m)( ) and f-(m)( ).

Express o in terms of o™ (u) and fz(i;;)( ), using the matching equations.

We call 6 the new expression (this procedure is elementary at NLO)

In the limit m — 0, ¢ — &g, where &¢ is a polynomial in a, and L with mass
independent coefficients. It is the massless limit of &, in the sense
The massless scheme cross section, oxrg, is given in terms of oz( f)(,u) and
FO (). If we express f1™ (1) as a functional of the f( (1) using the evo-
lution equations and the matching conditions, f( f)(,u) is a power series in o
and L with mass independent coefficients. In this way oxrg can be viewed as a
power series in «g; and L with mass independent coefficients.

Let us call 6§V (ov for overlap) what we get from &, deleting all terms that
are not in oys.

The FONLL expression is opoNLL =085 — 00 + 0
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FONLL in DIS

(Forte, Laenen, Piccione, Rojo, P.N.)
First: separate a structure function (F» or F) into two contributions

F:Fh+Fl7

where F}, is the contribution to F' obtained by switching off all light quark
charges, and Fj is all the rest.

Up to O(a?) in the coefficient functions, Fj corresponds to switching off the

heavy quark charge. Starting at O(a?), terms proportional to the product of
light and heavy quark charges appear in F].
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Change of scheme

We must express the CWZ calculation of F'in terms of a§”f>, fn),
We have

agnz)(Q) =as(Q) X (1 — ad)%) + O(a?)
fg(lnl)(xa Q)= fg(z,Q) X (1 + asL%) + O(ag)

1
@@ = Q)= at [ Kgle,1)1,(2,@) + 0@

x

where L =log Q?/m?, as=as/2m, and Ky from Buza etal, 1996.
Also, we write from now on

t=a™,  ay=al™, g g0,

Terms of higher order than the above in the change of scheme are not needed
in the computation of structure functions up to NNLO.
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Fy in the CWZ scheme

O(as) photon gluon fusion,
plus O(a?) photon gluon and photon light-quark fusion (Laenen etal, 1983).

At order O(a?), the change of scheme is only relevant in the first graph;
It amounts to two factors, one for a5 and one for f,:

(1 — aSL%> X (1 +asL%) =1+ 0(a?)

Thus: no effects at all up to O(a?) in F}, from the change of scheme!
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F7 in the CWZ scheme

Here the change of scheme may affect the following contributions:

b b

In the first graph, the O(a?) modification of the light quark density under the change of
scheme, combined with a O(1) coefficient function, induces a contribution of order to F' of

O(a?).

(

In the second graph, of order O(«ay), the change from ozsm) to as again induces a correction
of order O(a?).

In the third graph, both the change of o, and of f,; come into play, but they
cancel exactly among each other.

Finally, notice that in the case of the longitudinal structure function, only the
second graph contributes, since the O(1) coefficient function vanishes.
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So, the change of scheme amounts to a change in the coefficient
function of the quark

e = -0 [ e i(5.)

2Tr [ dz C(l)( )fg(;, Q),

— a’L==
3

X

where (at NNLO)
O;(2) = CV8(1 — 2) +asC5(2) + a20P(2)

(with C’§~0) — e? for F5 and O for Fp) is the coefficient function for the structure
function under consideration.
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FONLL for Fyp,

+

as+a,L aZ+a2l+aZl?
In CWZ, powers of L only arise in the coefficient functions at finite order.

In the massless calculation, powers of L only arise in f,(Q) at all orders:

Q) = asL+a2l?+aL3+ ... (Leading logs)
+ a’L+aiL?+ oL+ ...(Next to Leading)
+ a? 4oL +a5L%+...(NexttoNext)

Notice: a; (no logs) accidentally missing from NLL, but o2 present at NNLL
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So, F5 p, in the massless scheme (up to O( ozs ) has the log structure

o &

a,L+a2l2+.. . +a2L+...+a2
The coefficient functions have no logs; thus, further terms with no logs arise
from gluon and light quark initiated processes, at order a; and a2

4& E*E
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The FONLL prescription requires that terms that are present in the massless
calculation should be replaced by the corresponding massive ones.

Suppose we only want to use the O(as) CWZ computation, together with the
NLO massless calculation. Then we get:

FONLL, scheme A:

massless
limit

FMS Fov oWz

In this case, the massless limit of the CWZ result, of order oy + oL, cancels
exactly the a L term in the first graph of the massless result, and the o, term
in the last graph of the massless result.
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If we use NLO for massive (scheme B in FLNPR):

> massless
limit
A
~ DR
FMS
+ E * E * g
~ W,

FCWz

massless
limit

massless
limit
no o

no of

In scheme C we use NNLO for FM5 and NLO for massive. In this case, F°V is
the full massless limit of F“VZ (i.e. not limited to logarithmic terms).
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F7;in FONLL

the computation of F; in CWZ and in MS has the following origin:
e The change of scheme, at O(a?)
e The coeff. funct. for vq— ghh, (7 coupled to ¢), plus virtual
e The coeff. funct. for vh— hqq, (v coupled to ¢) only present in MS

All these elements are of order a2, thus FONLL at NLO is trivial for Fj.
The second element is summarized by the graphs:

The second graph is zero both in the massless and in the CWZ scheme. The
first two differ. The last one is proportional to §(1 — z).
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The FONLL formula can be worked out to be

FZFONLL _ FZM—S_FZOV+FZCWZ
1
NS ov d 7
FZMS—FZ = X Z / _ycz(_aa:s)fz(yaQ)
i—hh Y Y
1
d x
Y2 = i —=x Z / —yCi(—,Oés>fi(yaQ)
i=h,h z Y
1 2
d 7
+ T Z / _yDZ(_7 Q27a8>f2(y7Q)
ithh.g " Y Y
Q2 Q2 1 Q2
D@(z, 510 | = Lj 2 Qs — (1 —2) : dzL;| 2,5, o
- | (s, 1)+ GO | - Gz

In practice, FONLL differs from the massless formula by the D term only, that

vanishes for Q% >> m?. Its contribution is truly negligible.

32



R D Sl B B b
solid: ZM

| dashes: MO

Compare massless (ZM) and massless limit of CWZ (MO)

L (scheme A)

lo.02

LI I Bl Rl M W
10.04
2

In scheme A ZM and MO agree

in value at threshold; they differ

- 2
in slope by terms of order o

'o.oo-
e
1 2 3 5 v 10
Q/m
[ L T IIIII
3 solid: ZM 0.04
| dashes: MO -
| (scheme B)
om 2
[

]0.02

0.00

33

Curves for different values of x:
x=10"° (top curve)
x =1 (0 constant curve)

4 x value equally spaced
logarithmically



| solid: ZM
| dashes: MO
o[ (scheme C)

34

/M and MO differ also at
QQ =m by terms of order o?.
The slopes differ at very small
x becaus of small x enhanced

La2 terms.



0.6

0.6

solid: ZM
| dashes: MO
(scheme A)

10.08
10.06 [
10.04F

{0.02 |

0.00 -
0

solid: ZM
| dashes: MO
(scheme B)

10.08
10.08 |
10.04F

10.02 |

0.00
0

35



0.6

solid: ZM
| dashes: MO
(scheme C)

Jo.o2

e L
0.4
7
//
7
7
0.2 g
. __=
7 —
///’//
0.0 :
1 2 3
Q/m

10.04

—~]o0.00

-0.02

10 1.0

36



0.10

0.05

0.00

—0.05

-0.10

-0.15

—0.20

0.3

0.2

0.1

[ MO,M at LO
- (scheme A)
[ Q®=2 GeV?
Solid: ZM
Dashes: M

Dotdash: FONLL

1075 1074 1073 10~° 10~1 100

X
__I-I'I'rﬂlll_l-l'l'rmll_l-l'l'rmll_l-l'l'rﬂq_l-l'l'rrﬂ!
¥ FZc Solid: ZM
Dashes: M

Dotdash: FONLL

ZM at NLO
MO,M at LO |
(scheme A) 1
Q%=4 GeV® |

1075 104 1073 1072 10~1 100

X

0.3

0.2

0.1

0.0

ZM at NLO
MO,M at NLO
(scheme B)

104 1073 10~ 10~1 100
X

ZM at NLO
MO,M at NLO
(scheme B)

X

37

1079 1074 10~3 1072 10~1 100

0.10

0.05

0.00

-0.05 |
-0.10 |

-0.15 |

—0.20

0.3
0.2

0.1

0.0

L I ! I I

ZM at NNLO
MOM at NLO
(scheme C)

10~5 104 10-3 102 10-1 109

X

ZM at NNLO |
MO,M at NLO —
(scheme C)

1075 104 1073 1072 10~1 100

X



1.00

0.50

0.10

0.05

0.01

1.00

0.50

0.10

0.05

1075 104 1073 1072 10~1 100

ZM at NLO

MO,M at LO
- N\ (scheme A)
- FoN Q?=10 GeV?

Solid: ZM \
Dashes: M

~

[ Dotdash: FONLL

1072 104 10~3 102 10~1 109

X

ZM at NLO
MOM at LO
(scheme A)
Q*=100 GeV* ]

Solid: ZM  \
| Dashes: M \

\

Dotdash: FONLL

X

1.00

0.50

0.10

0.05

0.01

1.00

0.50

0.10

0.05

o I I I I -
\ ZM at NLO 1
N MOM at NLO

(scheme B)

1072 104 1073 102 10~1 109

X

ZM at NLO .
MO,M at NLO
(scheme B)

107° 1074 1073 1072 10~1 100

X

38

1.00

0.50

0.10

0.05 |

0.01

1.00

0.50

0.10

0.05 |

ZM at NNLO
MO,M at NLO
(scheme C)

X

ZM at NNLO
MO,M at NLO
(scheme C)

1

1072 104 10-3 102 10-1 109

107° 104 1073 1072 10~1 100

X



0.06

0.04

0.02

0.00

0.156

0.10 _FLc

0.05

0.00 -
107% 104 1073 1072 10~1 100

ZM at NLO |

MOM at LO _]

\\\ (scheme A) ]
\Qz=2 GeV?

=
&
/

:

Dotdash: FONLL

IIIIIIIIIIIIIIII
)
o
=
o
' e N
=
-
l

/

...,'
l
|
|
|
|
[

_I_I.I.IJHII_I_LIJ.IHII_I_I.IJJHII_I_I.IJJ.I.I‘_I_I.IJ.I.I.II
10791074103 1072 10~1 10

X

ZM at NLO
MO,M at LO
(scheme A)
Q®*=4 GeV?

:\Dptdash: FONLL

\.
" — —

. S—

X

0.06

0.04

0.02

0.00

0.156

0.10

0.05

0.00

1

I/III

_I_I.IJJ.IIII_I_LIJ.I.IIII_I_I.IJJ.IIII_I_I.IJJHII_I_I.IJJ.IIII
107 104 1073 1072 10-1 10

/

ZM at NLO 1
N MOM at NLO —

\\\ (scheme B)

N\
N\
N\
\
\
\
\
\
\
\

N\

/
|
|
|
|,
L

X

ZM at NLO
MO,M at NLO
(scheme B)

//
/!
/

X

39

107° 104 1073 10~2 10~1 100

NRAALL AL B BRRALL BRRLL.
- ZM at NNLO 1

0.08 [~ MOM at NLO -]
(scheme C) ’

0.04 | -
0.02 | -
0.00 [ : — N
-/ ]

1075 104 1073 1072 10~1 100

0.156

0.10

0.05

0.00

ZM at NNLO

MO,M at NLO
(scheme C)

1075 104 1073 1072 101

X

X
_I-I'I'rﬂﬂl_l-l'l'rrﬂ'1_l-l'l'rﬂlll_l_l'l'rﬂlll_l_l'l'rmll




7ZM at NLO 7ZM at NLO I 7ZM at NNLO
MOM at LO MO,M at NLO ] i MOM at NLO
(scheme A) (scheme B) (scheme C)
0.100 Q*=10 Gev® 3 0.100 [ - 0.100 - -
AN £ S ] I
0.050 f N 0.050 F { 0.050 |
N Soli}: l} . N . i
Dashes: \ \
0.010 ' 0.010 ) - o0.010 |
C \ C N\ \ 3 -
r Dotdash: FOI}LL‘ [ \\ ] [
0.005 | 1 o0.005 } \ 1 o0.005 |
1075 104 1073 1072 10~1 100 1079 1074 1073 10~2 10-1 100 1075 104 1073 1072 10~1 100
X X X
C n __I-I'I'rrﬂll_l-l'rrﬂlll_l-l'rrmll_l-l'l'rmll_l-l'rrm_ll _I-I'I'rﬂﬂl_l-l'l'rﬂq_l-l'l'rmll_l-l'l'ml_l-l'l'ﬂ“_ll
0.50 ZMat NLO 1 o050 ZM at NNO ] o50 F ZM at NNLO
MOM at LO MOM at NLO | N\ MO,M at NLO ]
i (scheme A) | i (scheme B) (scheme C)
Fp Q®=100 GeV?
0.10 |- AN - 010 | 0.10 |- =
- \ ] - F ]
- Dashes: M - .
i \ i l
Dotdash: FONLL °. .
0.01 | | | | h - 0.01 | 0.01 | | | h —]
1075 104 1073 1072 10~1 100 1079 1074 10~3 1072 10~1 100 1075 104 1073 1072 10~1 100

X X X

40



0.8

0.6

0.4

0.2

1.5

1.0

0.5

_—l-rmnll—l-rrrrnll—l-rn'rnll—l-rn'rrr1—l-rrn1|3
- Fa ' solid: zu K
Dashes: M

Dotdash: FONLL

ZM at NLO
M at LO

(scheme A)
Q%=2 GeV?

1079 104 1073 1072 10~1 100
X

F2 Solid: ZM
Dashes: M
Dotdash: FONLL

ZM at
M at LO
(scheme A)
Q%=4 GeV?

1079 104 1073 1072 10~1 100

X

0.8

0.6

0.4

0.2

"_'-m'l_'-ml_'m'l_'mm
[ \ ZM at NLO
i M at NLO
(scheme B)
. |

0.0
109 1074 10~3 102 10~1 100

156

1.0

0.5

X
__n'rrmll_n'rrmll_n'rrmll_nmll_nm_ll
- ZM at NLO

M at NLO
A (scheme B)

0.0
109 1074 10~3 102 10~1 100

X

41

0.8 |
0.6 |
0.4 |

0.2 |

__ﬁml_rrrrrrﬂ_'mwl_m
_ ZM at NNLO
M at NLO
\ (scheme C)

s
ol A B R

0.0
10~ 104 1073 1072 10~1 100

1.5

1.0

0.5

x
-_Iml_'w_l-ml_'-rml_m
- ZM at NNLO
3 M at NLO

\ (scheme C)

0.0
10~ 104 1073 1072 10~1 100

X



0
109

0
109

3 =I-I'I'rﬂll|_l-l'l'rﬂll|_l-l'l'rﬂll|_l-l'l'ﬂ1'l1—l-l'l'lm
- ', Solid: ZM y

B _H'rrmll_mrmll_nmllw
[ Fa  solid: zM ]

Dashes: M
Dotdash: FONLL

(scheme A)
Q%=10 GeV?®

104 1073 1072 10~1 100
X

Dashes: M i
Dotdash: FONLL ]

7M at NLO —
M at LO

(scheme A) ]
Q%=100 GeV&

104 1073 1072 10~1 100
X

N ol IR IR B B
\ ZM at NLO T
M at NLO

(scheme B)

0
10~ 104 1073 1072 10~1 100
X

ZM at NLO
M at NLO
(scheme B)

P
F

0
10~ 1074 1073 10~2 10~1 100
X

42

N SR IR R AL B
X ZM at NNLO 1
M at NLO

(scheme C)

0
10~% 104 1073 1072 10~1 100

|

ZM at NNLO
\ M at NLO
6 (scheme C)

0
10~% 104 1073 1072 10~1 100
X



o.25 RFy Solid: ZM
[ Dashes: M
0.20 _ Dotdash: FONLL
N
0.15 "\
- ~ .
0.10 ~ZM at Nﬁ ~.
[ M at LO s
0.05 [ (scheme A) \
[ Q%=2 GeV?

0.00
1075 104 1073 1072 10~1 100

X
0.5 [cF| Solid: ZM -
[ Dashes: M ]
04 | Dotdash: FONLL
08 By ZM at NLO
£\ Matlo ]
02 [ N (scheme A)_j
s Q%=4 GeV® ]
0.1 [ =

0.0
1079 1074 1073 1072 10~1 10
X

0.25

0.20

0.15

0.10

0.05

0.5

0.4

03

02

0.1

0.0
109 104 10-3 102 101

1

ZM at NLO
M at NLO
(scheme B)

L A N VA D

ZM at NLO
M at NLO
(scheme B)

IIIIIIIIIIIIIIII’/IV'IIIIIII

100
X

43

0.100 | -
0.075 f -
0.050 [ ZM at NNLO ]

[ M at NLO ]

[ (scheme C) ]
0.025 — -]
0.000 * :

10~ 1074 1073 1072 10~1 100
X
7ZM at NNLO

025 M at NLO

[\ (scheme C)
0.20 F\

[ \
0.15 [~ N

[ AN
0.10 N

N
0.05 N\
0.00 L
1075 104 1073 1072 10~1 100

X



0.8

0.6

0.4

0.2

0.0

1.6

1.0

0.5

__I-I'I'rmll_l-l'l'rﬂlll_l-l'l'rmll_l-l'l'rﬂq_l-l'l'rrﬂ:
Fi Solida: zM
Dashes: M
Dotdash: FONLL

ZM at NLO

M at LO ]
(scheme A) ]
Q%=10 GeV® ]

IIIIIIIIIIIII'/AIIII

1079 1074 1073 1072 10~1 10

X

_I-I'rrmll_mrmll_l-l'rrm1_l-rrrrrl1_lm
FL Solid: ZM
Dashes: M
Dotdash: FONLL

—_

—

ZM at NLO

M at LO
(scheme A)
Q®=100 GeV® |

0.0
1079 104 1073 1072 10~1 100

X

0.8

0.6

0.4

0.2

1

ZM at NLO

M at NLO
(scheme B)

0.0
109 1074 10~3 102 10~1 100

156

1.0

0.5

X

[
ZM at NLO

\ M at NLO

\ (scheme B)

0.0
109 1074 10~3 102 10~1 100

X

44

0.6

0.0

1.5

0.4

0.2

1.0

0.5

ZM at NNLO
M at NLO .
(scheme C)

10~ 104 1073 1072 10~1 100

X

ZM at NNLO
M at NLO :
(scheme C)

0.0
10~ 104 1073 1072 10~1 100

X



Mass ambiguities in FONLL

In oronLL = (035 — 73) + 7, we always have the freedom to introduce mass
dependent modifications of the round bracket, that are suppressed by powers
of the mass. For example, in DIS:

(o315 — 66) + 0 = (oms — 06) fme (@) + 7,

as long as fin (@) — 1 for Q@ > my,. (For Q <K m, oy — 6§

In the case of DIS, the value of 2 in FM5 — [°V can be rescaled:
z— xn=2z(1+4mz/Q?).
This freedom follows from the facts:

e o35 — 0( does not contain terms of the same order of those in &

e o5 — 04 is valid only for Q > my,

The treatment of terms computed in the massless approximation can be
modified by a mass suppressed correction.
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To what extent can the mass suppression mimic the real mass effect?

Compare massless limit with threshold prescription with massive result;
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Relation of FONLL to previous schemes

Scheme A identical to SACOT. If the y-scaling prescription (in the
form used by the CTEQ group) is used, it is identical to SACOT-y.

Scheme B: no analogue in ACOT. Reminiscent of TR scheme (but not
identical to it

Scheme C: should be again equivalent to SACOT (no full discussion of
ACOT at NNLO has appeared in the literature).
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Note:

S-ACOT (for , Kraemer, Olness, Soper, 2000).
Variant over ACOT, exploiting freedom in the choice of mass effects.
Use mass only in heavy quark lines not coming from the hadron

Y, n ,

Modern CTEQ and MRST implementations use S-ACOT
(plus: x-scaling, S-SACOT-y).
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Measured F,. versus computed F,

The theoretical definition of F,. (i.e. the structure function will all electric
charges of light quarks switched off) is not experimentally accessible.

Howeve, one can define an experimental F., by requiring tha charm is present
in the final state. The difference between the two is due to the graphs

All of them contribute to F, but only the first contributes to Fc.

The first graph behave as log®>@Q/m for small m, while these large logs cancel
in the total. At higher order, diagrams where the gluon emits more gluons
before splitting are double-log enhanced (multiplicity logs, Mangano, P.N. 92)
These effects, although potentially enhanced at high 2, have been shown to
be at the percent level (and thus negligible) in the HERA range (FNPR2009).
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Final considerations

Matched calculations are easy to implement; no escuse to leave out
mass effects or large logs from DIS fits.

Proposals to use kinematic procedure to fudge mass effects can be
made to work (Tung, Nadolski, 2009). Can be useful, but should
not replace exact methods. Also:

Much to understand on the real impact of mass effects and large
logarithms in hadron collisions.
Matched calculations can help to clarify the problem.

Topics not discussed
Which mass (pole, MS, etc.)

Logs in mass effects (i.e. higher twist evolution)

Intrinsic charm (non perturbative effects in charm initial condition)
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