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QCDwith two degenerate�a vorswith theWilson action
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The Wilson action for the SU(3) Yang–Mills theory is
�
� = 6=g2

�

SYM = �
X

x;�<�

�
1 �

1
6

Tr
h
U�� (x) + Uy

�� (x)
i �

U�� (x) = U� (x)U� (x + � )Uy
� (x + � )Uy

� (x)

Periodic boundary conditions for gauge �elds
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QCDwith two degenerate�a vorswith theWilson action

The fermion Wilson action we use is

SF =
2X

i =1

X

x;y

� i (x) D m (x; y)  i (y)  � f  1 ;  2g

D m =
1
2

n
 � (r �

� + r � ) � ar �
� r �

o
+ m0

where am0 =
�
1=k � 8

�
=2 and

r �  i (x) =
1
a

h
U� (x) i (x + a�̂ ) �  i (x)

i

r �
�  i (x) =

1
a

h
 i (x) � Uy

� (x � a�̂ ) i (x � a�̂ )
i

Fermion �elds with periodic boundary conditions in space and anti-periodic in time
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RenormalizedaxialWardidentitiesfor Wilson fermionsBochicchioetal. 85

It is possible to de�ne renormalized operators

Â a
� (x) = ZA A a

� (x) A a
� (x) = � (x) �  5

� a

2
 (x)

P̂ a (x) = ZP P a (x) P a (x) = � (x) 5
� a

2
 (x)

that satisfy renormalized axial Ward identities of the form

@�
� hÂ a

� (x)P̂ a (0) i = 2 m̂ hP̂ a (x)P̂ a (0) i + O(a) x 6= 0

The “on-shell” non-perturbative de�nition of the quark mass is

m =
1
2

@�
� hA a

� (x)P a (0) i

hP a (x)P a (0) i
m̂ =

ZA

ZP
m
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Non-linearsigmamodelwith two degenerate�a vors

The fundamental �elds

U � exp
�

2i
F

�
�

; � =
X

a

� a � a

2

transforms under chiral symmetry as

U ! VR UV y
L ; Uy ! VL UyV y

R

with VL V y
L = I and VR V y

R = I

The O(p2) Euclidean action which encodes the SSB is

S(2) =
Z

d4x
F 2

4

n
Tr

h
@� Uy@� U

i
� M 2 Tr

h
Uy + U

i o

where M 2 = 2B m̂
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Mesonmassanddecayconstantat NLO

The O(p4) Euclidean Action is given by

S(4) =
Z

d4x
n M 4(l̂4 � l̂ 3 )

16
Tr

�
Uy + U

�
Tr

�
Uy + U

�
+

M 2 l̂4
8

Tr
�
@� Uy@� U

�
Tr

�
Uy + U

�
+ four deriv. terms

o

The meson mass and decay constant at O(p4) are given by

M 2
P = M 2

n
1 +

M 2

32� 2F 2
log

� M 2

� 2

�
+

2M 2

F 2
l̂3(� )

o

FP = F
n

1 �
M 2

16� 2F 2
log

� M 2

� 2

�
+

M 2

F 2
l̂4 (� )

o
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Matchinga non-linearsigmamodelwith theexperiment:M 2
P GasserLeutwyler84

If we de�ne

l̂3(� ) =
� 1

64� 2

�
�l3 + log

� M 2

� 2

� � �
�
�
M =139 :6MeV

�l3 = log
� � 2

�

M 2

� �
�
�
M =139 :6MeV

then

M 2
P = M 2

n
1 +

M 2

32� 2F 2
log

� M 2

� 2
�

� o

A crude estimate from experimental values
of meson masses gives

�l3 = 2:9 � 2:4
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Matchinga non-linearsigmamodelwith theexperiment:FP GasserLeutwyler84,ColangeloGasserLeutwyler01

If we de�ne

l̂4(� ) =
1

16� 2

�
�l4 + log

� M 2

� 2

� � �
�
�
M =139 :6MeV

�l4 = log
� � 2

F

M 2

� �
�
�
M =139 :6MeV

then

FP = F
n

1 �
M 2

16� 2F 2
log

� M 2

� 2
F

� o

An estimate from the scalar radius of
the pion gives

�l4 = 4:4 � 0:2
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Schwarz-preconditionedHybrid MonteCarlo(SAP)Lüscher0304

Decomposition of the lattice into blocks with Dirichlet b.c.
with q � � =L > 1 GeV

Asymptotic freedom: quarks are weakly interacting in the blocks
=) QCD easy (chea per ) to simulate

Block interactions are weak and are taken into account exactly

S(x; y) �
1

jx � yj3
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Block decompositionof theDiracoperator

The Wilson–Dirac operator

D m =
1
2

�
 � (r �

� + r � ) � r �
� r �

	
+ m0

can be decomposed as

D = D 
 � + D 
 + D @
 � + D @


where

D 
 � =
X

white �

D � D 
 =
X

blac k �

D �


 � , 
 are white and black blocks, @
 , @
 � are exterior boundaries
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Factorizationof thedeterminant

The determinant of the Dirac operator written as

det D W =
Y

all �

det D̂ � det R

with the block interaction

R = 1 � P@
 � D � 1

 D @
 D � 1


 � D @
 �

For two �a vors can be written as integral over scalar �elds

S�� =
X

all �

jj D̂ � 1
� � � jj 2 + jj R� 1 � jj 2

where � � de�ned on � and � on @
 �
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Schwarz-preconditionedHybrid MonteCarlo(SAP)Lüscher0304

In molecular dynamics force naturally split

d
dt

�( x; � ) = � FG (x; � ) � F� (x; � ) � FR (x; � )

d
dt

U(x; � ) = �( x; � )U(x; � )

Integration step-sizes chosen such that

� G jj FG jj � � � jj F� jj � � R jj FR jj

i.e. the most expensive force computed less often!

1 2 3 4 5d

0.1

1

10

á||Fk(x,m)||ñ
k= 0

k= 1

k= 2

Do not give up �rst-pr inciples: teach Physics to exact algorithms for being smarter (faster )!

Cost / m� 1
q
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CollaborationandPCclusters

Colla bora tion: L. Del Debbio(Edinburgh),L. G. andM. Lüscher(CERN),R. PetronzioandN. Tantalo(Tor Vergata)

FermiInstitutePCclusterwith 80nodes(160Xeonprocs)

64nodesusedfor thisproject(� 200G�ops sustained)

BernPhysicsInstitutePCclusterwith 32 nodes(64 Xeonprocs)

8 nodesusedfor thisproject(� 25 G�ops sustained)

CERNPCclusterwith 32nodes(64 Xeonprocs)

All nodesusedfor this project(� 160G�ops sustained)
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Parametersof therunswith theWilsonaction

k Ntrj Nsep Nconf

0.15750 6400 100 64
V = 243 � 32 0.15800 10900 100 109

� = 5:6 0.15825 10000 100 100
0.15835 5000 50 100

0.15410 5000 50 100
V = 323 � 64 0.15440 5050 50 101

� = 5:8 0.15455 5200 50 104
0.15462 5100 50 102

Parameter ranges:

1. m � 1
4 ms � ms

2. a � 0:050 � 0:075 fm

3. L � 1:75 fm

All confs archived @ CERN

All following results preliminary! 0 0.01 0.02 0.03am0

50

100

150

200

32· 243

64· 323

Acceptedgauge�eld con�gurationsgeneratedperday
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Pseudoscalarmesonmass

k aM P

0.15750 0.2744(21)
V = 243 � 32 0.15800 0.1969(16)

� = 5:6 0.15825 0.1554(31)
t1 � t 2 = 12 � 16 0.15835 0.1204(44)

0.15410 0.1965(8)
V = 323 � 64 0.15440 0.1481(11)

� = 5:8 0.15455 0.1151(12)
t1 � t 2 = 18 � 32 0.15462 0.1040(12)

Pseudoscalar meson mass extracted from

CP P (t ) =
X

~x

hP a (x)P a (0) i

by �tting the effective mass to a plateaux
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Pseudoscalarmesonmass

k aM P

0.15750 0.2744(21)
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� = 5:6 0.15825 0.1554(31)
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Pseudoscalar meson mass extracted from

CP P (t ) =
X
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hP a (x)P a (0) i

by �tting the effective mass to a plateaux
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Pseudoscalardecayconstant

k aFP

0.15750 0.0648(8)
V = 243 � 32 0.15800 0.0544(9)

� = 5:6 0.15825 0.0500(17)
t1 � t 2 = 13 � 16 0.15835 0.0461(23)

0.15410 0.0457(4)
V = 323 � 64 0.15440 0.0379(4)

� = 5:8 0.15455 0.0347(4)
t1 � t 2 = 18 � 32 0.15462 0.0339(6)

Pseudoscalar decay constant extracted
by combining CP P (t ) with

CAP (t ) =
X

~x

hA a
0 (x)P a (0) i

and by �tting the effective decay constant to a
plateaux
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t
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Pseudoscalardecayconstant

k aFP

0.15750 0.0648(8)
V = 243 � 32 0.15800 0.0544(9)

� = 5:6 0.15825 0.0500(17)
t1 � t 2 = 13 � 16 0.15835 0.0461(23)
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Quarkmass

k 2 am

0.15750 0.05477(53)
V = 243 � 32 0.15800 0.02853(31)

� = 5:6 0.15825 0.01724(42)
t1 � t 2 = 8 � 16 0.15835 0.01107(44)

0.15410 0.03898(16)
V = 323 � 64 0.15440 0.02170(11)

� = 5:8 0.15455 0.01417(12)
t1 � t 2 = 7 � 32 0.15462 0.01139(16)

Quark mass extracted from

2m(t) =
@�

t CAP (t )
CP P (t )

by �tting to a plateaux
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Quarkmass

k 2 am
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0.15410 0.03898(16)
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� = 5:8 0.15455 0.01417(12)
t1 � t 2 = 7 � 32 0.15462 0.01139(16)
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t CAP (t )
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Statisticalgain with � ve sources

Two-point pseudoscalar correlation functions computed for 5 sources

k 2 am aM P aFP

0.15750 0.05477(53)[58][71] 0.2744(21)[27][31] 0.0648(8)[11][14]
V = 243 � 32 0.15800 0.02853(31)[41][47] 0.1969(16)[19][29] 0.0544(9)[12][18]

� = 5:6 0.15825 0.01724(42)[49][55] 0.1554(31)[38][33] 0.0500(17)[23][30]
0.15835 0.01107(44)[53][52] 0.1204(44)[49][66] 0.0461(23)[28][31]

0.15410 0.03898(16)[18][19] 0.1965(8) [9][13] 0.0457(4)[6][8]
V = 323 � 64 0.15440 0.02170(11)[13][15] 0.1481(11)[12][14] 0.0379(4)[5][8]

� = 5:8 0.15455 0.01417(12)[13][14] 0.1151(12)[14][15] 0.0347(4)[6][8]
0.15462 0.01139(16)[16][19] 0.1040(12)[13][16] 0.0339(6)[8][10]

A general error reduction observed

A clear pattern of error reduction in FP
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Finite volumecorrections

k 2 am a2M 2
P aFP

0.15750 0.05477(53) 0.0753(11) 0.0648(8)
V = 243 � 32 0.15800 0.02853(31) 0.0388(6) 0.0544(9)

� = 5:6 0.15825 0.01724(42) 0.0241(10) 0.0500(17)
0.15835 0.01107(44) 0.0145(11) 0.0461(23)

0.15410 0.03898(16) 0.0386(3) 0.0457(4)
V = 323 � 64 0.15440 0.02170(11) 0.0219(3) 0.0379(4)

� = 5:8 0.15455 0.01417(12) 0.0132(3) 0.0347(4)
0.15462 0.01139(16) 0.0108(2) 0.0339(6)

Meson masses and decay constants at O(p4) in �nite volume

M 2
P = M 2

n
1 +

M 2

32� 2F 2
log

� M 2

� 2
�

�
+

1
2F 2

g4
1 (M 2)

o

FP = F
n

1 �
M 2

16� 2F 2
log

� M 2

� 2
F

�
�

1
F 2

g4
1 (M 2)

o

The �nite volume corrections in M 2
P for the various masses are

� = 5:6 � = 5:8
f 0%; 0:2%; 0:7%; 2:1%g f 0%; 0:6%; 0:9%; 1:3%g
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Referencepoint

Reference point de�ned to be

� M P

M V

� 2 �
�
�
m = m ref

=
� M exp

K

M exp
K �

� 2
= 0:30657

If we �x M ref = M exp
K to �x the lattice spacing

a� 1 = 2:70(3) GeV � = 5:6

a� 1 = 3:77(4) GeV � = 5:8

If we use ZA from RI-MOM D. Bećirević et al 05

Fref = 111(2) � = 5:6

Fref = 108(2) � = 5:8
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a m
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Pseudoscalarmesonmassversusthequarkmass
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A remarkable linear behavior is observed
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Pseudoscalarmesonmassversusthequarkmass
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A remarkable linear behavior is observed

: : : : : : and results from the two lattices are consistent
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Pseudoscalarmesonmassversusthequarkmass
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In QCD with two light �a vors the mass of the light pseudoscalar meson
shows a remarkable linearity in the quark mass
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Pseudoscalarmesonmassversusthequarkmass
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Pseudoscalarmesonmassversusthequarkmass

0 0.5 1 1.5 2 2.5
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

beta=5.6
beta=5.8

(Mp
2
/mq)/(Mp

2ref 
/mq

ref
)  vs  (mq/mq

ref
)

In QCD with two light �a vors the mass of the light pseudoscalar meson
shows a remarkable linearity in the quark mass

The mass dependence is also compatible with the “experimental” curve
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Comparisonwith quencheddata
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For quenched data thanks to: P. Hernández, C. Pena, J. Wennekers and H. Wittig
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Pseudoscalardecayconstantversusthequarkmass
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In QCD with two light �a vors the decay constant of the light pseudoscalar meson
shows a clear dependence on the quark mass
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Pseudoscalardecayconstantversusthequarkmass
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Pseudoscalardecayconstantversusthequarkmass
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shows a clear dependence on the quark mass

The mass dependence is also compatible with the “experimental” curve
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ChPT�ts for thepseudoscalardecayconstant
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The lightest three points are compatible with a linear behavior
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ChPT�ts for thepseudoscalardecayconstant
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The lightest three points are compatible with a linear behavior

: : : : : : and also with the NLO ChPT �t function

Light and precise points are needed for an accurate determination of F
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First clover run

k Ntrj Nsep Nconf

0.13550 5200 50 104
V = 243 � 48 0.13590 4620 30 154

� = 5:3 0.13610 5070 30 169
csw = 1:90952 0.13620 1770 30 59

TBD

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

2am

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

(a
 M

P)2

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

2am

0.03

0.04

0.05

0.06

0.07

0.08

0.09

a 
F P

L. Giusti – Ringber g Apr il 2006 – p.27/28



Conclusions

Our experience for two �a vor QCD shows that SAP is very stable in the ranges

1. m � 1
4 ms � ms

2. a � 0:050 � 0:075 fm

3. L � 1:75 fm

The production for two Wilson lattices completed. The �rst clover run is �nishing

Discretization effects in the quark mass dependence of M 2
P and FP are small

The mass dependence of M 2
P turns out to be very linear for M P = 300 � 600 MeV

Data compatible with NLO ChPT + exp.

FP shows a clear quark mass dependence. Data compatible with NLO ChPT + exp.

Precise points at light quark masses are necessary to extract the LECs reliably
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